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syiTOPSis 


The thesis entitled ” Orthogonality and Characterizations 
of Unner-Product Spaces" is devoted to a study of various 
orthogonalities - Roberts, Isosceles, Pythagorean, Birkhoff - 
James, Generalized inner-product and R— orthogonality leading to 

(i) some new criteria of strict convexity and smoothness 
of nomed linear spaces, 

(ii) some new character izat ions, and new proofs for old 
characterizations of inner-product spaces. 

Continuous orthogonality vector spaces - a modified form of 
orthogonality vector spaces of Gudder and Strawtber^^^ are 
introduced. Finally results on orthogonally additive functionals 
on lines similar to those in Sundaresan and Kapoor^^^ have 
been obtained. 

The thesis consists of five chapters. 

Chapter I - the introductory chapter, includes various 
definitions and important results which have been used in later 
chapters. An attempt has been made to make the thesis as self- 
contained as possible. 

Chapter II of the thesis deals mostly with characterizations 
of inner-product spaces amongst normed linear spaces using norm 
identities and the orthc^onality notions. Some of the results of 

(1) Pac. J. Math. 58 (1975), 427-436. 

(2) Canad. J. Math. 25 (l973)i 1121-1132. 
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this chapter are s 

(Theorem . (For a normed linear space X, 

(i) isosceles orthogonality is unique if and only if X is 
strictly convex, 

(ii) Pythagorean orthogonality is unique. 

(Theorem . In a normed linear space, each of the following 
conditions is necessary as well as sufficient for the space to 
be an inner-product space. 

(i) Birkhoff-James orthogonality implies isosceles orthogonality 

i.e, 

1 1^ + xy{ 1 > i |x| I for all X e R ==> { jx+yj { = \ jx-yj !• 

(ii) Isosceles orthogonality implies Birkhoff-James orthogonality 

i.e. 

I |x+y| j =! j jx-yj I ==> I jx + xyj I > j |xl 1 for all X e R. 

(iii) Pythagorean orthogonality implies isosceles orthogcxnality 

i.e, 

ll»y||^= ll=cli®+ I|y|l®==> ||«y|| = ||:i^yl|. 

( iv) Isosceles orthogonality implies Pythagorean orthogonality 

i.e. 

Ilx+yll = ll^yll => Ils:+yl|®= 11^11®+ l|y||^ 

(v) Birkhoff-James orthogonality implies Pythagorean 
orthogonality i.e. 

I lx + xy| I >1 lx| 1 for all X e R => 1 jx+yj 1^=| |xl|^+l lyj t^. 

(vi) Pythagorean orthogonality implies Birkhoff-James 
orthogonality i.e. 

IIx+y|l,^ = + lly||^ ==> llx+xy|l > llxjl for all 

X 6 R. 



Z be a normed linear space and 0 < a, b < 1, 
^^e follov/ing are equivalent : 

( i) X is an inner-product space, 

(ii) x,y e X and I jx+yj + [ lax+by| |^ = | |ax+yj + | |x+by| 

==> I Ix+xyl 1 > I |xl j for all x G R. 

(iii) x,y G X and | [x+xy] 1 > | jxj | for all x G R ==> [ |x+y| 

+ j I bx+ayj t ^ = I I bx+y] 1 ^ + ] | x+ayj j 

be a normed linear space X and 0 < a, b < 
Consider the following statements ; 

( i) X is an mner— product space, 

(il) x.y e X aad I (x+y] f |a*fbyl |2 | |ax+y| |2 + | |a.iy| |2 

=> ||30fyl| = ||x^y||. 

(Ill) x,y 6 X and 1 |x+y| | = | |x>.y| | ==> | [x+yj + | |ax,by| I® 

= I l®x+y| I® + I |x+by| 1^. 

Then (i) => (li) ==> ( 111 ), and (ill) ==> (i) when a = b. 

Sbeorem. A normed linear space X is an inner-product 
space if and only if either for all x, y,z G X 

I ly+a- 2 x| |2 + I |i«.x^ 8 y| |2 + I |x+y-S2| |2 = 3 C | |y_x| + | )x,.zl |2 

+ ll^y||®D 

or for all x,y,z and w G X 

1 I y-3c| 1 +11 z-yj I ^ + I |w-z| I ^ + I jx^wj 1^=11 z-xj j ^ + 1 jw-yj j ^ 

theorem. A normed linear space is an inner-product space 


if and only if the following holds : 
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(l') for some y 4 ^ 0,1, | fx+y] 1® = | |x| + ] |y| ==> [ jx+ryl 

= 11^11^+ llryll^ 


Theorem . let X be a normed linear space and p. 0 q.-, 

X> 3- 

i = l,2,,..,n be numbers such that p - q.. > I P- q- for some i. 
Then X is an inner-product space if and only if the following 
holds 


|x+xyl 1 > llx|| for every \ qr ==> 


n 

2 

i=l 


p^l ix+q^^yj 


= sp^jls-q^ylj 


2 


Chapter III deals vrith the generalized inner-product 
<x,y> v/hich is the right Gateaux derivative of the functional 
dL 2 

g- jjx| j , at X in the direction of y. The orthogonality for the 
generalized inner-product is x y <=> <x,y> = 0. In this 
connection some of the results in the thesis are given below. 

Theorem . A normed linear space X is smooth if and 
only if B irkhof f-James orthogonality implies G-orthogonality - 
and X is strictly convex if and only if the G-orthogonality is 
left unique. 

Alternative and some what simpler proofs have been given for 
the following results. 

Theorem ^^^ . If in a normed linear space X the G- 
orthogonality is symmetric, then the Birkhoff-James orthogonality 

(3) R.O. James, Trans, imer. Math. Soc. 61 (1947), 265-292. 
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is also syiametric and Sis "both strictly convex and smooth. 

Iheorem ^'^^ . For a normed linear space X, the following 
are ecLui valent i 

(i) X is an inner-product space, 

(ii) I jx] 1 = 1 jyl 1 ==> lim (1 jn»t.y[ 1 - j jx+ny| 1) = 0 . 

n -► oo 

(iii) <x,y> = <y,x> for all x,y G X. 

(iv) <x,y> is linear in x for each y G X. 

Iheorem ^^^ . A normed linear space X, with dimension 
X > 3, is an inner-product space if <x,y> = 0 ==> <y,x> « o* 

She main result of Chapter 17 is : 

theorem . let Xbe a continuous orthogonally vector space 
and f be a nontrivial real valued function on X such that 

(i) f(xx) = |x| f(x) for A G R. 

(ii) f is orthogonally increasing. 

Then f is a norm on X, 

Further if 

(iiJL) f is also Gateaux differentiable, then the orthogonality 
is Birkhoff-James orthogonality. 

The last Chapter V deals v/ith the N-orthogonality 
defined on a Hausdorff locally convex linear topological space X 
as follows s let X* be the dual of X and let R s X -* X* be a 
nonlinear mapping, x G X is said to be R— orthogonal to 

(4) R.A, Tapia, Proc. Amer. Math. Soc, 41 (1973), 569-574, 

(5) 1, laugwitz, Proc, Amer. Math, Soc, 50 (1975), 180-188, 



Ti 

yeS(xJ_jjy, in short) whenever the value of ITx at y denoted 
by (Nx,y) is zero. 

Ihe theorem given below gives sufficient conditions on the 
mapping N so that each ty/o-dimensional subspace of X contains 
a pair of nonzero N-ort hog anal elements. 

Theorem. let U s X -*• X* be a hemicontinuous mapping 
such that (lJx,x) > 0 for s. 4^ 0. let the N-orthogonality be 
positive left homogeneous. Then for any two linearly independent 
elements x,y G X, there exist numbers b and c such that 
X J_jj bx+y and cx+y x. 

Among other results in this chapter we have the following 
representation theorems : 

Theorem . let N : X X* be a hem i- continuous mapping 
with the property (Ifx, x) > 0 for x ^ 0, and let the U-orthogonality 
be homogeneous and nonsymmetr ic. If f is a continuous H— 
orthogonally additive functional on X, then f is linear. 

The orem . let N s X X* be a hemi-continuous monotone 
mapping, let N-orthogonality be symmetric. Then an odd 
continuous functional is K-orthogonally additive if and only if 
it is linear. 

And finally 

Theorem . If X is a locally convex space and I* is the 
dual of X and II s X -* X* is a moping satisfying the following 
properties s 
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(i) (Nx,x) > 0 and (ITx,x) = 0 <=> x = 0, 

(ii) H is hemi-cant inuous , 

(iii) U-orthogonality satisfies the Pythagorous property 

• 

(H(x+y), x+y) = (lTx,x) + (Ny,y), 

(iv) N(tx) = t ll(x) for X e X and t e R. 

Ihen X is an inner-product space in the sense that the 
N-orthogonality is an inner-product orthogonality, and N is 
a linear transformation. 



GHAPOIEE I 


Introduction and Preiiminaries 


A normed linear space X is called an inner-product 
space if there is an inner-product defined in it such that 

I lx| 1 ^ = (x,x), 

where (x,y) stands for the inner-product of x and y. There 
are many properties known for inner-product spaces which are 
not true for all normed spaces; many of these are sufficiently 
strong so as to he characteristics of inner-product spaces# 

The best known characterization of inner-product spaces among 
normed linear spaces is by Jordan and von Neumann 1:243 which 
states 

(JN) Por every pair x,y of elements of X# 

||3M.yij^ **■ I l3&-y| * 2 Cl 1^1 1^ + I |y| 


that is, in any parallelogram the sum of the s<luares of the 
lengths of the diagonals is eq.ual to the sum of the sQ.uares of 
the lengths of the sides. 

Day has included in his bo^ C ^ U known inportant 

characterizing properties of inner-product spaces. Those 
which interest us are given below for later reference* 


(JHl) 


A normed linear space X is an inner-product space 


if and only if every two-dimensional subi^ace is Euclidean* 


(P) If I [zj I I |y| I r ■fehsJi all ^®1 numbers a and 
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I |ax + py| I = I Ipz + ay| | (1‘ickeii C ^3 )• 

This can be restated as t 

(!•’) If I |x+y| j = 1 |x-y| 1 9 then for all real X , 

I jx + Xy| I s j |x - Xy|l ( James [; 19 3 ) • 

(Ii) There is a fixed number y ^ ± i such that x,y e X 

and llxfylj * Ux-yH imply 

llx+ Yy|l = |jx- Yyll (lorch 

(I>l) If j jx] 1 = 1 ly| I sr 1, then 

||»yll® + llx-yll® = 4 (Day C’D)* 

(Sy-w) If I |xl I = I |y| j » 1, then 

P P * 

j jx+yj j + j jxy-yj j 4, where is one of the 
relations ^ or (Schoenberg [^383 )• 

If x,y e X and ] |x| j = | |yj | = 1, then there exist X 
and It with 0 < X < 1 and 0 < v < 1, such that 

I Ixx + (arX)y| 1^ + x(i-x)| I ux - (i-w)y| 

[I x+ V - 2Xw][2xii + (i-x)(i^w)3, 

where 'v is one of the relations as , > or < (Kasahara»s t-heorem 
in^ro-wed by Bay C83)- 

(B) The set of points of norm one in each plane through 0 
is an ellipse* 
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(M) If j jx+yj I * j jx-yj then for all real X , 

llx+ ^11 > 11x11 . 


Ibe proof of tliese characterisations except that of (E) 
is gi'ven in the hook. Ihe proof of (B) is not easily available 
in literature* We will give a proof of (E) at the end of this 
chapter* There are other known characterizations of inner- 
product spaces which will be of Interest to us* Seme of them 
are best stated in terms of various notion of orthogonality in 
normed linear spaces* We will defer them and others for a 
little while and give below basic definitions and notations 
for convenience of reference* 


Throughout the thesis, we will use -the reals R as 
the scalars* The symbols 1 jx|| and <l(x) will be used alter- 
natively for the norm of an element x* The right ( left ) 
Gateaua: derivative of the norm functional q. in the direction 
of y is 


* t -* 0* ^ 




(4*(x,y) = lim i. l r .Ji2 dl ,) 

” t -* o” ^ 

The above two limits exist because q is a convex functional* 
If 

q4.(3c,y) a aUx,y), 



4 


we write the common Tralue as q.*(x,y) and call it the Gateaux 
derivatj-ye of the norm at x in the direction of y. 

If f is a conyex functional on a locally convex space 
I with continuous dual X*, then a subgradient of f at x is 
a 4 6 X* such that 

f(y) > f(x) + ♦(y-x), for all y e X, 

and the set 

df(x) = H e X* s ♦ is a subgradient of f at x) 

is called the subd if f er ent ial of f at x* One can easily see 
for a normed linear space X, the subdiff erent ieil of the norm 
is 

aq(x) as {♦ e X* J | | ♦{ j = l and ♦(x) aa 1 |xj I > 

and that a<l(x) is a nonempty weak ♦ compact convex subset of 
!*• It is known that 

= ®ax (Ky) < ♦ G dq.(r) > 

and 

qLj|^(x,y) a: min {♦(y) 6 aq.(x)> • 

This is immediate from the following (see [2 1711 > 27). 

Theorem 1.1.1 . (Moreau, Pshenichnii) let X be a real locally 
convex space and f be a convex functional. Assume f is 
continuous at x^. Then for all x 6 X, 

f^(x^^,x) « max{*(x) 5 ♦ e a^Cx^) > 
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and 


f_[_(xQ,x) = min{*(x) { ♦ e df(x^)}. 

Tlie following theorem describes wellknown properties of the 
one sided derivatives of the norm functicxnal, 

theorem let 0 5 ^ x* y and z G X, a normed linear space 

and let X G R and p > 0 . Then 


(a) 

<l|(x,y+z) < q.j;(x,y) + q.^(x,z) 


(l>) 

py) = v<l^(x,y) 


(h‘) 

q.^(Xx,y) - cL^(x,y), X > 0 



ss -l^(x,y), X < 0 

• 

(c) 

<l|(x,y) = -a^(x,-y) 


(d) 

^I( 3 c,y) < q^(x,y) 


(e) 

is a linear functional 

iiorm is Gateaux differentiable 

if and only if the 

at X* 

(f) 

K+^ 3 c,y)| < ||y|l 


(g) 

q^(x,Xx+py) = X|lx|| + vq^(x, 

> 7 )^ 

Proof. The properties (a) to (e) hold for right Gateaux 
derivative of any convex functional and are proved in various 
text hooks e.g, Kothe Property (f) can be easily seen 

from the eq^uations and above* Por (g}y we have 

from ( 1 * 1 . 1 ) and ( 1 * 1 . 8 ) 
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q.^(x, Xx + yy) = max {♦(Xx + yy) * ^ 6 dq.(x)> 

« max {X*(x) + ♦(py)s | l^j [ = 1, 4(x) = | |x| | } 

= max {xj |x| I + ♦(yy) s J 1#| [ = 1 , *(x) = | |x| |} 

= Xjtx|j + y max {♦(y) s ♦ e d4(x)> 

= Xl 1x1 1 + w (lj(x,y). 

A normed linear space X is called smooth if at each 
point X 0, the norm is Gateaux differentiable. Equivalently 
there is only one supporting hyperplane of the unit ban 
Ijxll ^1} at each point of its boundary 
S = {x 8 1 lx| 1 s= 1 } . X is called strictly convex if each 
point of S is an extreme point of XT. An extreme poXr>t of XJ 
is a point of XJ that is not an interior point of any line 
segment in XJ. It is easily seen that any line segment in S 
is contained in a line segment in S with ends as extreme points 
of U. 

The natural definition of orthogonality relation between 
elements of an inner-product space is that x X y if and only 
if the xnner>i^roduct (x>y) is zero, in normed linear spaces 
other notions of- orthogonality have been given which are 
equivalent to this in case the norm arises from an inner— product . 
We will describe some of them in some detail here. 

(i) Roberts* orthogonality p. 66]) t x i^y (x is 

orthogonal to y in the sense of Roberts) if 
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I jx + Xy| j = J {x-Xy| I for all X e R • 

Tliis definition 3aas the weakness that for some normed linear 
spaces at least one of every pair of orthogonal elements would 
have to he zero 19, example 

(ii) Birkhoff-James Orthogonality i x is orthogonal to y in 
the sense of Birkhoff and James (x i.jy) if and only if 

1 1 X + Xy 1 { > 1 1 xj 1 for all X e R • 

ifhis definition was used by Birkhoff Ql]] and by Fortet Qll, 

later on James CSo]] studied this orthogonality relating 
it to other concepts such as strict convexity, smoothness, weak 
coDpactness, linear functionals and hyperplanes. Some writers 
have called this orthogonality ’James Orthogonality* • 

(iii) Isosceles Orthogonality s x J.^ y if and only if 

llx+y|l = l|x-y||. 

(iv) P 3 rthagorean Orthogonality i x Jp y if and only if 

ll*^y||®= iNI®+ l|y|l®. 

The above two notions of orthogonality were also 
suggested by James £192. One important feature shared by 
the Birkhoff-James, isosceles and Pythagorean orthogcaialities 
is that every two-dimensional subspace containing a point x, 
contains a point x* such that x is orthogonal to x* • In 
other words we have t 
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Theorem let X he a normed linear space and x 0 and 

y e X* There ascist numbers otg and such that 

X 3c+y, X ijttg x+y and x lpa 3 x+y . 

This result does not hold in the case of Roberts* 
Orthogonality, In fact we ha've t 

Theorem 1,1,4, For any x 0 and y G X, there exists a number 
a such that x XpOcx+y if and only if X is an inner-product space. 

Remark 1,1,5 , This theorem has been stated without proof by 
James as a corollary to theorem 4,7 in []] 19* P* 298 3* We 
will give a proof of this theorem towards the end of this 
chapter for completeneBs sake. In fact we will be using it 
in one of our theorems in the next ch^ter. 

An orthogonality J_ is called right ( left ) unique if 
for each x 0 and y e X, there exists only one a such that 
X 1 ttx+y (ax+y lx). It is called unique if it is left as 
well as right unique. 

The following results about the orthogonalities will be 
needed later. 

Theorem 1,1,6 , (James ^ ^ normed linear space 

Birkhoff-James Orthogonality is right (left) unique if and only 
if the space is smooth (strictly convex). 

Theorem 1,1,7 , (James HMD) If X 5 ^ 0 and y are elements of 
a normed linear space X and | jyj | < | ixj | , then x l^ax+y 
implies that 
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llyll 


!«! < 


theorem Let x 0 and y e X. Then x Lt y if and only 


^+(2:»y) > 0 

and Q.^(x,y) < 0. 
Proof, Suppose x l-.y. We have 

o 


j jx + Xyj ( > 1 |xj j for all X g R . 


therefore 


- X 


> 0 for X > 0 


< 0 for X < 0, 


Phus 


I ^ X , I |s: + xy| 1 - j 1x1 1 
q.‘(x,y) = lim ^ > 0 


and q.*(x,y) = lim 

X-* 0* 


- X 


< O '. 


Ihe other way also follows from the fact that 


- X 


is manotonically increastog for all positive and negative x*s, 
An orthogonality J. is called right ( left) homogeneous 



X 1 y ssa> X J_ Xy for all x 6 R 
(x JL y ssas> Xx i y for all X e R). 
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It IS homogeneous if it is both right and left homogeneous. 

It IS called symmetr lo if x 1 y =.«> y i x and right (left) 
additiye if 

X 1 y and x 1 z xs:> x 1 y+e 

(y 1 X and z 1 x «*> y+z lx). 

She results given below are useful to us. Some of these 
give further naoessary and sufficient conditions on a normed 
linear space to be an ]nnsr.^roduot space. 

theorem 1.1.9. (Birkhoff 2)ay 

Iiet X be a normed linear space of dnnension greater than 
two* Then it is an inner.-produot space if and only if Birkhoff-. 
James orthogonality is symmetric* 

Theorem 1.1 *3o * A normed linear space is an inner-product 
space If and only if the isosceles (Pythagorean) orthogonality 
IB either homogeneous or additive (James [119^). 

Theorem 1.1. ll * In a normed linear space X, the following 
are eq,uivalent s 

(a) X IS an inuer^roduot spaoe* 

(to) X i^y «*> X l.py. 

(o) X ipy s*> X i^y. 
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(d) X i^y ==> X X^y. 

Remark 1.1.12. Day V U proved, that (a) <==> (b), (a) <==> (c). 
(d) is nothing but the criterion (M) on page 155 £ 62 * For 
proving the equivalence of (a) and (c), Day first proves 

that the space is uniformly convex with modulus of convexity 

§(8) = 1 - (1 - We will, however, give a different 

proof of this theorem in the second chapter of this thesis. 

(t) Garlsson Orthogonality s Garlsson ^^2 ®- definition 

of orthogonality which includes the isosceles and Pythagorean 
orthogonalities as special cases. 

An elem^t x of a normed linear space X is said to be 
orthogonal to an element y 6 X in the sense of Garlsson (in 
symbol x igy) if 
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Ihe following characterizations of inner-product spaces 
are due to Carlsson [14,5^. 

Theorem 1,1,15 . let X be a normed linear space with a 
Carlsson* s orthogonality J.q, Then X is an inner— product 
space if and only if J. 0 satisfies the canditicn (H). 

Theorem 1»1,14 « let a^^ 0, b^, c^, v= l,E,...,m be real 
numbers such that (b^, c^) and (b^, c^) are linearly independent 
for V u . If X is a normed linear space satisfying condition 
m 2 

E a^ j |b^ u + c^ vj 1 =0 for all u and v 6 

v=l 

then X is an inner— product space. 

Theorem 1,1,15 , let ay ^ 0, by, Cy, v = l,2,,,,,m be a fixed 
collection of real numbers satisfyiaig 

m P P ® 

S ay b^ = S ay = E ay by Cy = 0 
V=:l Verl V=1 

and such that 

(V 

are linearly independent for w v , 

If X is a normed linear space satisfying the condition 
m p 

2 ay I |by X + Cy yj I > 0 for all x,y e X, 
v=l 

then X is an inner-product space, 

Tn tlB second chapter of this thesis we will study the 
inter-relationship between various orthogonalities, obtain some 
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new criteria for normed spaces to be inner-product spaces. 

We provide new proofs for known characterizations also* 

Ifit us, for instance, talce the simple proposition in 
plane geometry s 

Suppose AABG is a right-angled triangle, right-angled 
at A and points P and Q are any points on AB and AG respectively, 
Then 

BQ^ + PG^ = BG^ + PQ^. 

The analogue of this in an inner product space is : 

(Ziy) = 0 <==> j lax+y| l^+l |x+byj |^=j jax+byl j^+| jx+y| 

for 0 < a, b < 1, 

A <iuestion that we look: into in the second chapter is 
whether in the setting of a normed linear space, the presence 
of such a proposition using one of the notions of orthogonality 
mentioned earlier forces the space to be an inner— product 
space or not* By way of another exan^le we will prove the 
following criteria as analogues of the criteria (1) and (M) 

(see pages 2 and 3)* 

(L») There is a fixed number Y 0, i 1, such that 
x,y G X and 

l|3«-y|l^= |{x|l^+ l|yll^ i^ly Ilx+Yyj|^« 11x11^+ l|Yyll^. 
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(M*) If x,y e X, then 

I jx + Xyj j > I jxj I for all X e R implies 
llx+ y|l = l{x-y|l. 

Iiorch QSl”! gives a number of characterizations based 
on si3]¥)le properties of Euclidean gecmetry and observes that 
almost any one of the strictly metrical classical theorems will 
characterize inner-product spaces. Using some more elementary 
propositions in Euclidean geometry as postulates we obtain new 
norm postulates as necessary and sufficient conditions for a 
normed linear space to be an inner-product space, ffe will also 
show that some of these norm identities and those given by 
Johnson ^22^ and Rate straw [|353 follow from the theoran 1*1,14 
of Oarlsson mentioned above* 

Several characterizations of inner-product spaces among 
normed linear spaces are known which use the notions of semi- 
inner product of lumer [^323 and generalized iimer-product 
of a?£^ia 5Cbere are other characterizations which 

involve differentiability properties of the norm* 

A semi— inner-pr oduct on a vector space X is a real 
function [Ix,y3 on X * X with following properties s 

(s^) C25»x+y3 = C3:»'feyll = 

for all t 6 R • 

(S2) ^ 0 when X 0* 
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(Sg) Cy.yn- 

k senii-»jLnner-.product space is a normed linear space 
with I |xj } = showed that every normed 

linear space X has a semip-inner product defined hy 

C^»yll = ^■,r(y) where f„ e X* is chosen such that 

f^(x) = 1 |xl 1^. 

Giles proved the following theorem relating the Birkhoff-James 
orthogonality with a semi--inner-product orthogonality, 

Theorem 1,1,16, Iiet [^x, y] he a semip-inner-product on a 
vector space X, with the following properties s 

(a) £ = ■fcll3t,yD for all t e R • 

(h) |Ix+ty,y3 - [Ix»yD as t - 0. 

Then [^x, yH =0 if and only if x is Birkhoff-James orthogonal 
to y. 

let X he a normed linear space. The generalized inner- 
product <x,y> of X with y is defined to he the right Gateaux 
derivative of the convex functional f(x) - ^ ll^jj at x 
in the direction of y# Thus 

<x,y> = f^(x,y) = l|x|l q.|(x,y). 

Tapia [[[4:5^ shows that although this generalized inner— product 
does not have as much structure as a semi— inner-product , similar 
to a semi— inner— product it must he inner product whenever it is 
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linear in x or is symmetric. He deduces that <x,y> is an 
inner-product if and only if the mapping 

f(x) = I 1 !xl 1^ 

is twice Frechet differentiable at the origin. This is of 
interest in relation to inner-product characterizations by 
twice Pre'chet differentiability of the norm given by Sonic 
and Reis Rao Sundaresan [2^2]] and Xeonard 

and Sundaresan C! 3o 3 • 

In the third chapter we discuss the orthogonality in a 
normed linear space defined by 

x i(jy <==> <x,y> = 0, 

obtain a result on the right existence of G-orthogonal pairs 
in every two-dimensional subspace and show by a counter example 
that the left existence may not be there. We then observe that 
laugwitz’s characterization 1”29 2| of inner product spaces in 
terms of symmetry of G-orthogonality is,inaway, alrea^ proved 
by James in [[[20 3]* ^ same chapter we provide an elementary 

proof of the characterization in terms of linearity or symmetry 
of generalized inner-product by Tapia mentioned above. 

In a paper Gudder and Strawther call a real 

vector space I, an orthogonality vector space if there is a 
relation x j, y on Z that satisfies the following postulates « 

(O^) X X 0 and 0 J. x for all x e X, 
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(Og) If X and y ane non-zero elements of £ and x 1 y, ttien 
X and y are linearly independent. 

(Og) If X 1 y, then ax 1 §y for all a,p e E. • 

(0^) If P is a two-dimensional suhspace of £, then for every 

X 6 P, there exists a non-zero y G P such that x J. y* 
(Og) If P is a two-dimensional subspace of X, then there 
exist non-zero u and v G P such that u J_ v and 
u+v J_ u— V. 

It is easily seen that a normed linear space with 
Birkhoff-James orthogonality is an example of an orthogonality 
vector space, 

A function f : X -* R is called orthogonally additive 
( orthogonally increasing) if 

f(x+y) = f(x) + f(y) whenever x J_ y 

(f(x+y) ^ f(x) whenever x JL y)« 

theorem 1,1,17 , (Gudder and Strawther) let (X, J_) an 
orthogonality vector space. Suppose there exists a nontrivial 
orthogonally additive functional 

f j X - R 

such that (i) f(x) = ^(-x) for every x G X 

and (ii) x) -* f(ax) whenever - a. 

Then the orthogonality is an inner-product orthogonality. 

Theorem 1.1,17 is an abstract version of the following 
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lEheorem 1,1,18 » let 2 be a normed linear space and f s 2 *♦ E 
be an orthogonally additiTre functional which is even and 
hemi-continuous* Then 

(a) f=0, if2is not an inner-product space, 

(b) there exists a X G E such that 

f(x) = xj jxj for all X e 2, 
if 2 is an inner-product space (Sundaresan, [[43 3)* 

In the fourth chapter we introduce the concept of a 
continuous orthogonality vector space which turns out to be a 
special case of the concept of orthogonality vector spaces of 
Gudder and Strawther, We then obtain a kind of converse to 
their result characterizing orthogonally increasing 
functionals on a normed linear space* 

Sundaresan and Kapoor [[44^ defined orthogonality in a 
topologies vector space 2 as follows t 

let I be a continuous linear transformation frem 2 
into 2’*. An element x G 2 is said to be !E-ort hog anal to an 
element y G 2 denoted by x Iqj y if the value of Tx at y 
denoted by (Tx,y) is zero. Eepresentation of I-ort hog anally 
additive functionals have been the subject of study in 
Sundaresan and Kapoor [[44[J. IfKisa Banach space of real 
valued measurable functions on a measure space and if f and 
g G Xf then f is said to be It-orthogonal to g in the lattice 
theoretic sense (f ij^g) if the set 
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{s s f(s) g(s) ^ 0> 

is of measure zero. Integral representations of L— orthogonally 
additive functionals has been subject of extensive study. For 
these and related results we refer to Brewnski and Orlicz 
Sundaresan [[42] and Mize 1 and Sundaresan [[33] and the 
bibliography cited therein. 

In the fifth chapter of the thesis we consider the 
representation q.uestion on lines similar to those in Sundaresan 
and Kapoor [[44], In the place of linear transformation fE 
we will use a nonlinear transformation W on a locally convex 
topological vector space Z into Z*, having certain monotonicity 
and continuity properties, N-orthogonality is studied and the 
question of description of N-orthogonally additive functionals 
is looked into* 

We end this introductory chapter with the proofs of the 
criterion (B) and of theorem 1,1.4 as promised earlier* 

Proof of (B), In view of we can assume that Z is two- 

dimensional, First let X be an inner product space and let x,y 

be two linearly independent elements in it* 25ie set 

S = {(a,p) e I I |ax + pyl 1^ = 1 } 

= e R^ s ot^l jxl |yj l^+ 2 a|(x 5 y) = 1> 

is an ellipse in view of Gauchy-Sclwartz inequality 
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To prove the converse let us assume without loss of 
generality that X is the z-y plane and the unit sphere is the 
ellipse 

(1.1.3) 

a D 
i^ 

let z =s re he any non- zero point of X and let the ray from 
origin to z intersect the ellipse in z* = r*e^. Then r’ is 
determined by 

„t2 r cos^ ♦ . sin^^n 1 

So that 


(1,1.4) 


ah 


r’ = 


- — 

Tfb'^ cos'^^ ^ + ar sin^ ^ 


Since norm of X in the Minlcowski functional of the ellipse, 
therefore 


(1,1*5) 1 1 2:| j = ^ iTb^ cos^^ + a^ sin^' ^ . 

i*l i^o 

How let Zj^ = e and Z 2 = rg e be any two points of the 
plane. Then 


Zf + Zg = Re 




where 


r R cos ♦ =! r^ cos + ^2 * 2 

[__ R sin ♦ s= r^ sin + rg sin 4 g 


( 1 . 1 . 6 ) 
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From (1,1.5) and (1,1,6) we have 


2 2 

2 h (r^ cos ^>^+^2 cos ^g) +a (r^ sin ^1+^2 *2^ 


1 1 ^ 1 + 2:21 1 = 




S imilarly 

2 ^^(^1 cos ^ 1“^2 ^ r '^2 *^ 2 ^^ 

1 I 2l-^2l I = STS 

a D 


and thas we have 

ii _ _ m 2 m _ _, i 2 „^1 * 1+^2 *2 

1 l^i+Zgl I + j |z^-Zg(| = 2 g + 


+ 2 




2 2 2 2 
sin ♦i+J^2 ^2 

? 

/^2 2 ^ 2 . 2 ^ \ 

g (b cos ♦j+a sin 




+ r. 


g (b^ cos^ ♦g+a^ sin^ 4*2) 

^ 

a b 


] 


= 2 Cll^lll®+ 

2hus 1 {.| 1 of X satisfies (JN) and hence X is an inner- 
product space. 

Proof of theorem 1,1,4, We will first show that X is a strictly 
convex space, let x y G X such that 



= 1 . 


By hypothesis there exists a number a such that 
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(1.1.7) Ilk a 2^ + xll = I |k 5j±2 _ a 3,|| 

for all 3s: e R. 

let Is. = a in (1.1.7). Ihus we get 


I |2“ + x] I = I [xj j = 1 > |2a| - 1, 

so tlaat ja| <1. 

Again letting Ic = |- + a in (1.1,7) we have 


(1.1.8) li(2+|a)x+(l+|)yl| = |||||=l. 

If a > -2/3, (1.1,8) yields 



(2a 4- |) II 


ff 

2“ + ? 




2a 4- 


7 

S' 


which gives a = —1. But that is not possible for we are 
assuming a > -2/3. Ihus 


-1 < a < -2/3. 

But then (1,1.8) gives 

I > 12 4- I a| - 4. || 

= + J**” 

That means a < —1, 

Thus a = -1 is the only possible value of a in (1,1,7), 
With a =s —1, (1,1,7) becomes 
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Ilk SftiH. ^1 = Ilk i|tl_ ^11 for alike R. 

We write this as 

(1.1.9) 1 + k(x-y)| 1 = ( -k(x^y)| 1 for all k. 

Sinilarly we can prove 

(1.1.10) Il^+ p{&.y)ll = 11^2^- p(3>.y)l|for all P 6 H. 

Putting k s= p - g- in (1.1,9) and then using (1,1, ID) 

we get 

1 1 (p-l)(&.y) - ^1 1 - I Ip(x-y) - 2^1 1 = 0 for all p. 

Or for all § > 1 

I l(p-l)(x^y) - ^1 1 - (P-1) 1 |&.yl 1 - C I lP(2^y) - ^1 1 

- PI |3fr-yi □ = I l^y|l 

or 

I K^y) - gfgiTl I - ll^yin r iK^y) - ^11 - ll^ll 

- FI J ■ L VP 

= 1 l^y| 1 p > 1* 

IDaking the limit as p tends to infinity, we get 

I |s-y| 1 = a; (k^y, - - a;(:!>.y, - = o, 

which gives the contradiction. Hence X is strictly convex. 
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Suppose now "bliat there exists a pair of vectors x and y 
and number X 7 ^ o, ± 1 such that 

1 lx + yl 1 = 1 lx - yl I 
1 lx + XyJ } ^ 1 lx - xyl 1 . 

By hypothesis there exists a number a 7 ^ 0 such that 

1 lx + kCax + y)l j = 1 lx - ]E(ax+y)l [ for all k e R. 
If a > 0 , take k = and get 


1 + ifcc ^ yl I = 1 1^ - Ci|a ^ + 1 :^ y)l I • 

OC 2 I 1 

Since + ^|— y is a convex combination of x and y 

ll»-y|| = l|x- (^+^fe)ll+ life* ifa - y|l' 

Therefore 


1 l^c+y}'! = 1 lx + ^ + ^1 1 + 1 1^ + - y| I 

ll^+ ^ + y“<^+ = li^+ + ^11 


But Z is strictlj^ convex, therefore x + + 

y “ which gives a =-l, a contradiction. 


is a multiple 



25 


Similarly if a < o, we tal:e ]£ = ^ . Now ]s:(ax + y) 
becomes a ccmvex combination of -x and y which yields a 
contradiction again in the same manner* Ihat proves that the 
isosceles orthogcxnality is homogeneous and therefore the space 
is an inner-product space by Theorem 1.1*10. 

The converse of the theorem is obvious. 
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Oharacterizatian of Inner-JProduct Spaces 

In this chapter we will add a few more results in the 
long list of already known results characterizing inner-product 
spaces among normed linear spaces through norm identities. 

The best known such characterization is (JH) by Jordan and 
•van Neumann . Considerable work has been done proving 

that other norm identities also characterize inner-product 
spaces* Day Schoenberg Kasahara [[25 

Senechalle [[39,4o,4l3» John Oman 11543 and others have 
shown that for some identities these results can be in^jroved 
in three ways * 

1# The identity need not hold for all vectors in the space, 

2* The identity can be weakened to an ineq.uality, 

3* The identity may vary with the choice of vectors as 
long as the form of the identity is fixed. 

Most of the characterizations obtained in this 
chapter fall in the first category. For example vre will show 
that if a norm identi'by holds for mutually orthogonal vectors — 
orthogonal in some sense, then the space must be an inner— 
produafc space, 

2,1 Orthogonality Notions and Characterization of Inner- 
Product Spaces* 

Several writers Blumenthal, Biolub[] ha've shown 
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ij'ba.'b if in a nonued linear ^ace isosceles orthc^onality 
inf) lies Pythagorean Orthogonality, or the other way round, 
then the space must he an inner-product space. In this 
section we will provide new results of the same kind, in 
addition to proving these results in our own way. But 
before we do that we establish a lemma that gives a new 
criterion of strict convexity in terms of isosceles orthogonality 
similar to the one in theorem 1.1,5 given by James 2o ^ 
in terms of Birkhoff-James orthogonality, 

lemma 2,1,1 . A normed linear space is strictly convex 
if and only if isosceles orthogonality is uniq.ue. 

Proof. Suppose X is strictly^ convex but is not 

unique, There exist x 0, z G X and numbers a and p (p a) 

such that X J,j ax 4 -z and x J_^x+z, Suppose p > a. Then 
we see that x J.j y and x J_j YX+y where y = ^-a and y = ax+z. 

Consider the function 'l> given by 
♦ (n) = 1 [y + Tix| I , 

♦ is a strictly convex function such that 

♦ (1) = lly+3cll = l|y-xll =*(-1) and 

♦ (y+ 1) = I lx^(Yx+y)| I =j |,Jc+(Yx+y){ ( = if (y-1) 

In case 0 < Y < 2, we see that 
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♦ (y-I) = (-1) + J (1)^ < ♦{!) 

= ♦[ J (T-1) + (1 - J) (Y+l)1 < ♦(T+1) 

and that is a contradiction. 

In case y > 2, <>( n) v/ill have two distinct local 
minima one each in the intervals [^- 1,1 3 C • 
But the function if is strictly convex and it can have at 
the most one point of minimum - a global minimum. Ihus 
again a contradiction is seen. Hence y = 0 which in^lies 
that a = p, a contradiction which proves that in a strictly 
convex space ^ the iso— orthogonality is uniq.ue. 

To prove the other side we start with the assunption 
that the space is not strictly convex. Then we have, for 
some pair of vectors x y that 

ll^ll = llyll = ll^ll = 1. 

But then 

llx+y|l = 1 |(x+y)+( 2 ^y)ll=|{(x+y)-(x-y)ll 

Or llx*ll = |lx’+y*|| = ||x»-y*j| 

where x* = x+y and y’ = x-y 0. 

Then we have 

||=C- + f.fw = ||x. = llx. 

Thus -^1 ^ ^ ^ • 
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Hence isosceles ojrt hog anal ity is not unique, Therefore if 
isosceles orthogonality is unique, then the space must be 
strictly convex. 

In contrast to the above lemma and the theorem 1.1,5, 
we have the following result for Pythagorean Orthogonality. 

Theorem 2,1.2 . 3h a normed linear space X, Pythagorean 
orthogonality is unique. 

Proof, let us assume that Pythagorean orthogonality 
is not unique. Then as in the previous lemma we can assert 
that there are vectors x 0, y 6 X and a number a > 0 such 
that X ip y and X ip ax+y. Then we have 

llx+yll^ = + llyll^ 

ljx+ax+yH^= j|ax+y||^+ ljx{|^. 

Setting 

♦(») = ||y + nx||® 

we then have 

(2.1.1) ♦(!) = llx||® + *(0) 

(2.1.2) ^(oc+l) = ♦(oc) + I jxj J^, 

Before proceeding further let us first prove that for 
0 < y < 1 and ♦( Ti-|^) ^ ♦( Hg) , 

(2.1.3) (^y) ’'2^ ^ y^Tii) + (1-y) ♦(’ig). 
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Here 

♦C vni + (l-p) Tjg^l = j jy + n liHi + <3^p) Tigl] xj 

= llw (y+n^x) + (Um) (y+ngx)!!^ 

< lly+n^^xll^ + (1-v)^ Ily+Tjgxjj^ 

+ Ev(l-p) lly+n^xjl 1 ly+Hgxj | 
= v\ ly+n^^xl 1^ + (3-p)l 1 y + ngxl 
+ (w^-v) Z I |y+nixj 1^+1 jy+TigxI 

- 2 1 ly+n^^xl I I ly+Tjgxj □ 

= p<l>(ni)+(l^w) 

- w(a-u) z 1 hi 1 3^ 

< i*^(njL) + (3^1*) 
inequality being strict if 

1 ly+n^xl I ^ I Iy+Ti22:| 1 i»e* 

^ j[_) 5^ ♦ ^3) • 

Ibat proves the inequality (2, 1,3). 

How suppose 0 < a < 1* We have then by (2, 1,1). to 

(2.1.3) 

(2.1.4) ♦(«) < a#(l) + (l^a) ^( 0 ) and 

(2.1.5) ♦(!) < «♦(«) + (1^) *(0+1) 

= a*(a) + (1-a) [[♦(«) + ♦(!) - ♦(©) 3 
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and that gives 

a*(l) + (l^a) *(0) < ♦(a) 
contradicting (2,1,4). 

In case a > 1, we use convexity of 4» and (2,1.1) and 
(2,1.2) to obtain the fact that 

♦ (0) ^ <P(a) 

and ^(1) ^ $(on.l). 

Using (2,1,3) again we obtain 

(2.1.6) ♦(!) < ^ KO) + I ♦(a) 

(2.1.7) ♦(«) < I *(l) + (2^) ^(0^.1) 

= + *( 1 ) - ♦( 0)11 

which yields 

♦ (a) < a*(l) - a^O) + *(0) 
contradicting (2,1,6), 

In case a = 1, we have 

♦(2) =s ♦(!) + I |xj = ^(O) + 2j jxj so that 

♦ (1) < I £HO) + ^(2)3 

= *(0) + J |xj 

which is false. Thus always we get a contradiction. Therefore 
Pythagorean orthogonality is uniiue in any noxmed linear space. 
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Our next ttieorein ccdlDliies "two resullis of Day (lEheoreias 
5.1 and 5.2 characterizing inner-product spaces. 3^y 

first proves that a normed linear space B is uniformly convex 
with a modulus of convexity 5(e) > 62 CS) = 
for 0 < 8 < 2 if and only if B is an inner-product space. 

We give a proof v;hich is, perhaps, simpler. 

Theorem 2.1.5 . let X he a normed linear space . Then 
the following are eq.uivalent s 

(i) x,y 8 X, I |x+y| 1^ = | Jxj |^ + 1 |yj 1^ ==> \ |x+yl j = j \ xr.y\ j . 

(ii) x,y 8 X, | jx+y) | = ] |x-y| | => j |x+y| = | |x| |^ + | |y| |^. 

(iii) X is an inner-product space. 

Proof. let us first show that if (i) holds, then X 
is strictly convex. If not, then there exist points x,y G Z, 

X Y such that 

ll==ll = llyll = 11^11 = 1 . 


Clear 1 , ^ 4 J* 

tiiat 


By Theorem 1.1*5 there exists a 0 such 


^ ip ®(^) + y 

(2.1.8) 1 l(l+a) ^ + yj 1^ - ^ ♦ yl l^* 

Bat then (i) laplles t|at 

;(8.i.9) H(i*«) <^) ♦ jH - I !(»-«) (^) - yll* 
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By Theorem 1.1.7 

i“i < 1- 

for |a| < 1, (S.lJi) yields 

8* «. (2^^) II 'l l 


=■ 11(%2) I_ ,|| < ^ + 1 , 


$hat means a < -i. ihua a has to be -1. (2.1.8) then yields 

I,; 

1= l|y||^= 1+ ll-»y||® 

i.e, X = y, which contradicts the assuit5>tic(n. 

Therefore 2 has to he strictly convex. 

To prove (i) s=> (ii), suppose the contrary* Then 
there exists a pair of points x,y 8 2 such that 

llx+y|| = lis^yfl T^ut 

ll»y|l®f^ + llyll^ 

Choose a 0 such that 

1 jx+ax+yj 1^ = I jxj + j |ax+y| 

But then hy (i) 

I |x+ax+yj 1 = 1 lx - (ax+y) [ j . 

Thus X J.J y and x JLj ocx+y# which is contrary to Lemma 2.1.1. 
That proves 
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(i) => (ii). 

•So prove (ii) ==> (iii), let 

1 1^1 1 = I |y| I = 1. 

Then we have 

l|(x+y) + ( 2 >.y)|l = jl(x+y) - (x-y)|j 
and therefore by (ii) 

1 Ix+y+s-y] 1^=1 lx+y| 1^ + | js^yj 
Thus for 1 jxj j = I ly| 1 = 1, 

1 l^+yl 1^+1 l»-yi = 4. 

By the criterion (D^), we get the result, 

(iii) ==> (i) is trivial, 

Next theorem shows that Pythagorean orthogcnality 
implying Birkhoif-James orthogonality or the reverse implication 
characterizes inner-product, spaces. 

Theorem 2,1,4 , let X be a normed linear space. Then 
the following are eq.uivalent t 

(i) X.ye X, ||x+yll2= l|x|l®+ llyl|®=> 

jjx+Xyjl > llxjj for all X e R, 

(ii) x,y e 2, 1 jx+xyl j > 1 |x| | for all X e R => | |x+y| 

= 11^11® + iwi''- 
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(iii) X is an inner-product space. 

Proof, Pirst we will show that (i) implies strict 
convexity of the norm. If not, let 

ll^ll = 1 iy| I = I 1^1 1 = 1, X y. 

Here | 1 2 = 4 ^ | jx] | ® + 1 1^| I® = 2 

■ l.e. ^ Ipr. 

Ohoose a such that 

^ ij a 3f£ + X. 

Then 

(2,1.10) 1 1 (0+1) + xj = 1 + I [o + xl 1^; 

hut then (i) implies that 

(E.l.ll) I + o.X (2^) + xxj 1 > j j _ 1 for all X . 

Ohoose X = - J . (2,1.11) gives 

[ol <1. 

Writing (2,l,ll) as follows 

(2.1.12) 1 1(|+ + X)x + (| + f^)yj 1 > 1 for all X 

1 

and putting X = - , we get 

1 1 *" 21a+§ ) l ~ ^ 
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lairrl ^ which combined v/ith |aj < 1 yields a = -1. 

Ihat means 

^ ip¥- 

Therefore 

+ 11^11"+ li^ii® 

or 1 == 1 *||^||2. 

ifence X = y, which coniradicbs the suppositicoi* So X is 
strictly convex, 

How we show that (i) => (ii). Suppose that 
I |x+Ayl I > I lx| I for all X but I lx+y| 1^ 9^ | jx{|^ + l|yj 
By Theorem 1.1,3, there exists a ^ 0 such that 

y ip «y + X. 

ocy + X ip y. 

How (i) gives ay+x ij y» "but that contradicts left uniqueness 
of Birkhoff-James orthogonality in a strictly convex space. 

So (i) ===> (ii) is proved. 

* 

To prove (ii) ==> (iii), we first prove the foU-owing 
lemma, a special case of which was proved by Sundaresan C]43^ 
by using a geometrical argument. Our proof is analytical. 

lemma 2,1,5 , let I be a normed lhaear space and 
x(y^ O) e X and p > 0* Then there exists a y e X such that 
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X ij y ajad x+y Ij x-py. 

Proof* let X 5 ^ 0 "be given. Choose any y 0 such 
that X -Lj y* By Theorem 1.1,8, we will have 


‘l^Cxjy) > 0 and q._]^(x,y) < o, where q.^(x,y) and <l’(x,y) 
are respectively the right and the left derivatives of the 
norm at x in the direction of y. 

Put 

g(x) = j lx + xyl j * 


It is easily seen that g(X) is a continuous ccaavex functicm 
of X and 


g;(x) 


g(x+t) - g(x) ll{x+xy)+ty|j-llx+xy|| 

Ixm , E = lam . 1 

t - 0“^ ^ t - 0^ ^ 


= <l^(x+Xy,y) 

similar ily 

g^(x) = q2.(2a-xy,y). 

Here we observe that the right derivarive g_j_(X) of 
the continuous function g(x) is a nondecreasing function 
continuous from the right and the left derivative g^(X) of 
the continuous function g(x) is also a nondecreasing function 
continuous from the left i.e, 

lim g’(X) = g'(^o) 

x-xt ^ ^ ° 


lim g‘(x) = g'(X ) 


and 
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(see for example Krasnosel’skix and Rutickii Qliemma 1.2,28;]), 
Using Theorem 1,1,2, we have for X < o, 

q^(x+xy,x-pxy) = qi(x+xy,x+xy-(l+p)xy) 

= llx+xyll + q].(x+xy, -(ifp)xy) 

= ljx+Xy|| - (l+p)X q^(x+Xy,y) 

= 1 Ix+xyl I - (a+p)x g^(x) 

and for x > 0 

= l|x+xy|| + (i+p)x q|(x+xy,-y) 

= 11^+^yll - (^p)x ql(x+Xy,y) 

= 1 i^a-xy} 1- (i+p)x g^(x) 

So the function H(X) = q^(x+Xy,x^pxy) is defined for aH X and 
is such that 
for Xq > 0 

= ll^+ Vll - 3^0 = ^(^0^ 

X -► Xq 

and for X^ < 0 

ito ^ H(X) = I |x + x^yl I - (l+p) g;(Xo) = H(Xj,) 

X “* Xq 

Row set 

G(x) = q^(x+xy, x-pxy), -«» < x < «>. 


We see that 



G(x) = -<lj_(x+xy, -x+pxy) 

= - C'l+Cx+Xy, -x^-Xy+Xy+pXy) ] 

= “ C-l |x+xyll + ^|(2:+Xy,x(p+l)y)2] 
= llx+Xy|l - q;(x+Xy, (p+1) xy) 
Hence for x > 0 

s(^) = I |x+xy| I - (IKP)X a4.(3:+w,y) 

= I |x+Jy| I - (1+p) Xg^(x) 

and for X < o 


G(X) = j |x+xy| I - X(l+p) qj.(x+xy,y) 

= I |x+xyl 1 - x(l4.p) g^Cx) 

Prom -these equations we ohtajn that 
for X^ > 0 

x^i“x+ 1 - = ^(^^05 

o 

and for < 0 

Im &{X) = I Ix+x^yl I - (%>) «l(Xo) = G(X ) 

^ Aq 

How H(o) = 1 |x| I > 0, 
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H(x) = q.|(x+xy,3&-pxy) 

= Q-^Cx+Xy, -px-pXy+x+px) 

= <l^(x+Xy, -p(x+Xy) + (p+l)x) 

= -P I lx+xy| I + g.;(x+xy,(p+l)x). 

Therefore 

H(X ) -* — «• as X "* i °°» 

Supp ose 

a = sup {X >0 s H(x ) > 0 } . 

Clearly H(a) >0, because H(x) is ccaitinuous from the left 
for X > 0. 

Suppose Gr(a) >0. Then G(x) > 0 for some values of X > a, 
because G(X) is continuous from the right for X > 0. 

But 

H(X) > G(X) for X > 0. 

So a cannot be the supremum which is a contradiction. 

Thus G(a) <0, 

That means 

q^(x+ay,x;-pay) > 0 

and qLj^(x+ay, x-pay) < 0 . 

This shows that 

2 : + ay ij »-pay 
by Theorem I.I.8. 
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Replacing ay by y, we comp let e the proof of tbs Lemma. 

Remark 2.1.6 . When p = 1 in Lemma 2.1.5; we have 
the special case proved by Sundaresan (Lemma 1, [1^3]]). 

We now complete the proof of the (ii) ==> (iii) part 
of the theorem. Let 

IWI = l|7ll = 1 


be given. 


Ifx ij 


4 = 


y and x+y J_j x-y, we have 
jix+y+s>-yll^ = llx+yll^ + ||3&.y||^. 


If X Jlj y» ^y the lemma we can choose an element z 6 X such 
that 

X 1.J z and x+z x-z. 


Then 




= 11111^+ mil®- 11111^ + iini® 


which yields jjxjl = llz|l = 

Let a and p be such that y = ax + Pz. Then 

1 lyl 1^=1 l»»pz| I* = I + ll^^l 1^ 

= + p® = 1, 

1 l^+yl 1^ = 1 |(l+“)x+§z| = (3+“)^ + 

1 |:6.yt 1* = 11 (1-0 )i - pal 1® =■ (l-®)^ + P®- 
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' 3}hu.s 

I |x+yl + 1 |s>.yj = 2(a^+p2) + 2 = 4, 

By the criterion (D^), we obtain the result. 

Iiorch Csi] proved the criterion (L) mentioned in 
Chapter I which was a considerably weakened form of the 
criterion (B) of homogeneity of isosceles orthogonality 
proved by James, She following corollary is analogus to 
the above in the conte^cfc of Pythagorean orthogonality, 

Oorollary 2,1.7 , let X be a normed linear space, 

Then X is an inner-product space if and only if the folllwing 
holds : 

(1*) for some Y 9 / 0,1, 1 l^+y] |^ = j |x| |^ + j jy] ==> 

I Ix+YyJl^ = I |xj 1^ + 1 jyyl 1^. 

proof. The case of y = -1 has been proved by Day 
Without loss of generality it can be assumed to be greater 
than 1, Now suppose x and y G X such that 

ll»y|l®= 11 ^ 11 ®+ tlyll®. 

Then by repeated application of (1*), we will have for n > 1 

I ly+Y^ xj 1^ = llyll^ + IIy^xH^, 
or 

IU+^y|l®- ll^ll® || y ||2 

■ 
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IDlierefore for all n > 1 


U lx + :^ y! 1 + 1 1x1 j) (. 

In tbe limit as n -* «>, we have 


^yll - 1 




iMl! 


2)1 xl I q.4.(x,y) = 0. 

But in view of Theorem 1.1,7, it means that x j_j yj therefore 
hy Theorem 2,1.4, 2 must be an inner-product space. 

If X is an inner-product space, then (Ii* ) holds 
any way. 

To complete the picture we have the following : 

Theorem 2.1.8, In a normed linear space X, each one 
of the following conditims is necessary as well^suff icient for 
X to be an inner-product space, 

(1) X ii y ==> X y. 

( ii) X ij y ==> X y. 

(iii) X ip y ==> X ij^ y* 

(iv) X ij y ==> X ip y. 

i^) X ij y ==> X ij y« 

Proof. If any one of the first three holds, then by 
Theorems 1.1.3 and 1.1.4 the result follows. 

Suppose (iv) holds. let x ^ 0, y G X. There exists a 
suda that x ij ax + y. But then x ij k{a36i-y), because 
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Birkhoff— James oirtliogonality is homogeneous* By (iv) 

^ J-j k(ax+y) for every k* But then x ax + y, and 

Roberts’ orthogonality is nontrivial. Therefore by Theorem 1*1.4, 
X is an inner-product space. 

To prove the sufficiency of (v) we proceed as follows j 

let I jxj I = I ly| j * Then x + y x-y and therefore 
x+y JLj x-y* Thus 

j Ix+y + x(3&-y)l j > I |x+y| j for all x e R. 

1 

In particular let X = where a > 1. Then 

a +1 

2 

1 I (x+y) + (x-y)j j > I jx+yj | * 
a ^*1 

Therefore for a > 1 

1 lax + a-V| I > ^ 1 Ix+yj \ > | [x+yj | * 

Thus (v) implies the criterion 

(^5) W^W - 1 |yl 1 ==> I l“x + a“V| 1 > 1 lx+y|l for all a > 1 

for inner-product spaces proved by lorch ZZ12. 

Remark 2,1*9* (a) A proof of (v) appears in Day 

where it is listed as criterion (M)* 

(b) In a research announcement, Holub I;i 83 has sta-ted (iv) 
and (y) of the above Theorem without proof - (y) in the 
equivalent form 
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1 1^1 I - 1 jyl 1 ==> x+y J_j x-y. 


2.2 


A Theorem of plane geometry involving Orthogonal it v and 
Characterization of Inner-J>rodact Spaces. ^ 


The next couple of characterizations of inner-product 
spaces obtained by us in the thesis are modeled on the following 
proposition in plane geometry : 


'* Suppose aABO is a right-angled triangle, right-angled 
at A and points P and Q are on AB and AG respectively. Then 

BQ^ + PG^ * BO^ + PQ^. •» 


The corresponding proposition in an inner-product ^ace 
is that for X and y in an inner— product space X 

(x,y) = 0 <=> llax+yll® + ||x+by|l® = Hax+byH® + llx+y||® 

for 0 < a, b < 1, 

In an inner-product space all orthogonalities - isosceles, 
Pythagorean and Birkhoff-James - are equivalent to the inner 
product orthogonality i.e, 

X J_y <==> (x,y) = 0. 

In view of this the following results are quite interesting. 

Theorem 2,2.1 . let X be a normed linear space and 
a,b G R such that 0 < a, b < 1. Then the following are 
equivalent : 
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(i) x,y G X and j |x+yj + j jax+byj |^ = | jax+yj j^+ 

+ 1 |by+xj => X ij y. 

(ii) x,y e X and X Xj y => | |x+yl + j |bx+ayl 1^ = | |tx+y| + 

+ I Ix+ayj 

(iii) X is an nmer-product space. 

Proof. Let us first prove that if (i) holds, then X is 
strictly convex. If not, choose x and y G X such that 

I 1^:11 = l|y|l = = 1 

and such that x and y are extreme points of the unit hall of X. 
Clearly 

ll^+yll^+ Ila(^) + by|l2^ l|a(2fiHyl|®+ ll^+byll® 
for otherwise 

2 2 2 

4 + (a+h) = (a+1) + (hfl) , which requires a = 1 or 

h =;: 1, Let a ^ h without loss of generality, 

We choose a ^ 0 such that 

|l^+a(^) + y||2+ ||a^*b(a^+y)||® 

(2,2,1) = I ja + a + xl |^ + 1 ^ + byj |^, 

That such a choice of a is possible will be shown in the 
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Lemni a, 2»2«2» Iiel; X be a nonned linear space and 

0 < b < 1, 0 X, y G X* Then ■there exists a number a 
such that 

1 1 (^^)x+yl 1 +1 |az+b(ax+y)| [^=1 |ax+(ax+y)| j^+j | 2 +b(ax+y)l 

Proof of Lemma 2.2,2, Set 

g(t) = I Ix+tx+y] l^+l |ax+btx+by| |®_| [axH-tx+yl |®-| |x+btx+by| 

= [;ilx+^||2+l|bx+i^ll2_ 

- ||bx+^ll®3 

= [ 1 ( 11 ^+ ^ll®-l|t:||®) + (||te+ ^ 1|2 _ l|bxl| 2 ) 

- (|lx+ 2 |a ||2 _ l|x|| 2 ) _ ( 1 ^ 3 , + ^|2 _ ||bxl| 2 ) 3 . 

Thus for t 0 

^ llxe-^ll®- 11x11^ llbx+^ll^- llbxll" 

t - “ 


IT 
ax+y 1 1 2 


T 
x+byi 1 2 


^+^ir-ii^ir + iibxir 

j 


;or llm St*-*- 
t - ~ ^ 


T 


= 2} jxj lq.|(x,x+y)+2| jbxj I q_[,(bx,asfby) 

- 2j jxll q.^(x,ax+y) - 2j lbx| | q.^(bx, x+by) 

= 2^ 1 jxj 1^+1 lx|lq.^(x,y)+abj {xj |^+b^||xl [q.^(x,y) 
-a||x|l^ - llxll q.;(3:,y)-1>|li|l® 

- |xl I q4.(x.y)^ 
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= ^ 1 |xl 1^ (1 + ab _ a - b) 

= 2 J jxj 1^ (L-a) (l„b) > 0. 

Similarly 

llm 2 ||j.||2 

U mmOO 

Therefore as t -* oo^ g(t) - oo and 

as t -oo, g(t) -oo, 

Bence there exists a number a such that 

g(a) = 0, which was to be proved. 

Continuing with the proof of the Theorem 2.2.1, we 
have from the equation (2,2,1) and the hypothesis (i) 



Thus 

(2.2.2) j “*■ ^yl I ^ I { 1 ^ ^ G 

1 

Putting k = - “ we obtain from (2.2.2) that 

lal < 1. 

Bow rewriting (2.2,2) in the form 

(2.2.3) ||(|+ ^) x+ (|+ |2L+ ]s:)y|j > 1 for all k. 

Choose k such that ^ ^ ^ = 0. Then from (2,2.3) 


we have 



4:9 


\a+2\ < 1 , 


Now I ffj and. |cc4-2j <_ 1 imply a = —1, Piftting a = —1 
in (2.2,1) yields 

1+11 (a-b)(^)+byl = | |(a-l)(2^) + yj 


+ j 1 (1-b) + byj 

or 



+ 


1+b I I 2 

"T“ yi 1 


and that gives 


1 + a 




+ 1 


or 



= 1 . 


ffriting 


= 


X + (1 - 


1— a \ 


/ a-l 




we see that y is a convex ccanbination of two points of the unit 
sphere which is not possible, since y was taken to be an extreme 
point of the unit ball and tlaerefore we meet a contradiction. 
Phus X must be strictly convex if (i) holds. IDhe case of 
b > a is similarly dealt with. 

low we prove that (i) implies (ii). If not, let x Xj y 


and 
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I t^c+yl 1^+1 Ibx+ayl 1^ 5-^ j |bx+yj \ ^ + \ ix+ay| }^. 

There exists a 0 sudi that 

j lay+x+y| 1^+j |a(ay+x)+hy ( \^=\ la(ay+x)+y| 1^+| {ay+x+by] 
but then (i) implies that 

ay + X Ij y, 

which violates the left uniqueness of Birkhoff -James orthogonality 
in the strictly convex space S (see Theorem 1.1,6). Hence (i) 
implies (ii). 

Finally to prove (ii) ==> (iii), let y Ij x. By (ii) 
and the homogeneity of the orthogonality 

I I y+xj 1^=11 by+xj 1^+11 y-l-axl j ^ - | j by+axl I ^ 

= ( 1 I b^y+x| 1^ + 11 by+ax] | ^ - 1 1 b^yfaxj j ^) 

+ ( 1 I by+ax| I ^ + 1 j y+a^xl 1 ^ - 1 1 by+a^x) | ^) 

- I 1 by+ax| 1 ^ 

= (| l^^y+xj 1^ + j jy+a^xj 1^) - 1 jb^y+axj 

- 1 1 by+a^x| 1^+11 by+ax| | ^ 

= (1 ll3^y+x| l^+l ly+a^xj 1^ -I jb^y+axl (^-j |by+a^xl j^) 

+ (1 {"b^y+axl 1^ + j jby+a^xl “ I l^^y + 1^) 

« I |b^y+xj 1^ + { |y+a^x| - | jb^y + a^xj |^. 
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By induction, we get 

y ij X ==> I jy+xj 1^ = 1 jb^xj + 1 |y+a^xl 1^ - j jb^a^x} 

for all n > 1. 

In the limit when n -*■ o®, one gets 

y ij x==> ||x+y|l2= l|x||®+ l|y|l®. 

But that is sufficient for X to be an inner-product space 
(theorem 2,1.4). 

How to complete the proof of the Theorem, it is trivially 
seen that (iii) => (i). 

Theorem 2.2.5. let X be a normed linear space and 
0 < a,* b < 1. Consider the following statements t 

(i) x,y G X and | jx+yj |^ + 1 lax+by| = j }ax+yj j^+| |x+by| ==> 

1 |x+y| 1 = I |35^yl|* 

(ii) X, y G X and j jx+yj j = j jx-yj j => 

1 jx+yj j^ + 1 jax+byj j^ = | |ax+y| + j jx+by||^ 

(iii) X is an inner-product space. 

Then (i) => (ii); (ii) ==^ (iii) when a = b,and 
(iii) ==> (i). 

Proof. As before we prove first that if (i) holds, then 
X is strictly convex. If not, choose x and y such that they 
are extreme points of the unit ball of X and j. ; f rH.tH 




52 


= llyil = 11^11 = 1 . 

Assume a > b, Then 

1 + yl 1^ + 1 l^- + ^yj = 4+(a+b)^ 

4 (aH)2 + (1 m. 1)2 = ||a(^) + yll® + 1|^+ byH^ 

As in Theorem 2.2,l,we have an a 0 such that 
(2.2,4) J 1 (1+a) 2^2- + yj + II (a+ba) + by| { ^ 

= I l(a+“) ^ + y| I® + 1 |(W) (^)+byl |2 

But then by (i) we will have 

(2.2.6) Il(a* 0 !) yll = ll(a-l) y|l 

= 1 1 (| - §) * + (| + |)y| I 

From equation (2,2.5) and Theorem 1,1,7 one obtains 

!«! <1. 

If 0 < a < 1, then the equation (2,2,4) yields 

ft 

(2+a)^ + [^a4.b(a+l)]^ = (1+a+a)^ + (bo+b+l)^ 

or a = -1 
which is false. 

If ~1 ^ a < 0, then from (2,2,5), we have 
(2+a) < (^ + |.) + (^ „ ^) _ 1 , 
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or a <_ -1. Thus a = -1 is the only possible value of (2.2.4), 
Then the equation (2.2*4) yields as in the previous theorem 

1= i^yll 

and 

■TT . / -1 / l~t~a 8.»»1 \ 

y = Ifa ^ “ 1+a) ^2a“ ^ + Sa“ 

becomes a convex combination of two points on the unit sphere 
of X, But y was taken to be an extreme point of the unit ball. 
Thus there is a contradiction. Therefore X is strictly convex. 

Now to prove (i) => (ii) suppose that (i) does not imply 
(ii). Then there exist points x and y such that 

I |x+yl I = I |3fr.y| I and 

I jx+yj 1^ + I lax+by| \ ^ | jax + yj + J |x + by| |^. 

« 

Choose a ^ 0 such that 

I I (oc+l)x+yl 1^+1 lax+b(ax+y)| | |ax+ax+y| 1^+| |x+b(ax+y)j 
Then (i) implies 

I |x + ax + y| 1 = 1 lx - (ax+y)j | 

Thus we have x J_j y and x J_ 2 - ax+y, but thS-t contradicts the 
uniqueness of isosceles orthogonality in strictly convex spaces 
proved in Lemma 2.1,1. ifence (i) => (ii). 


Now suppose (ii) holds with a = b. Let 

IWI = llyll = 1- 



Then | j (x+y) + (x-y)H = j ] (x+y) - (x-y)j | 
Therefore by (ii) v;e have 

I }x+y+x-yj j jx+y+x-yj {^ = 1 1 a(x+y)+(x-y)l 1^ 
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+ 1 lx+y+a(x-y)l 
Or 

1 1 ^ _ ilgal y| |2 + 1 ^ ^ ^ y| |2 ^ 1 ^ 

The result now follows by Day’s characterization (D,*’') with 

l+SL 

X = V = and replaced by equality ( = ), 

(iii) => (i) is trivial. 

Remark 2 ,2 ,4 , In Theorem 2 ,2 ,3 we were not able to 
prove that (ii) ==> (iii) when a b. It also remains to be 
seen whether the condition 

X ip y ==> I |ax+by| |^+j |x+yj [^ = | jax+yj |^+{ |x+by| 

even with a =s b characterizes inner product spaces or not. 

Theorem 2,2,5, let X be a normed linear space and 
P 2 _» q. 3 ^» Pp and qg be real numbers such that 

Pf Q-l + P2^2 5^ 

Then X is an inner-product space if and only if 

(*) 3C ij y ==> Pi I Ix+q^yll^ + Pg ||x+qgy| = p^j IxJlj^yll^ 

+ Pg l|3&-q.2y||^. 


+ 
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Proof* If Xis an. inner— product space, then it is 
easily verified that (*) must hold. 

Suppose now (*) holds with p^ or pg = o or with 
Then (*) is equivalent to saying that 

X ij y ==> X y 

and that characterizes inner-product space. If p^ and pg 
both are different from zero, then (*) can be written as 

X Ij y ==> 1 Ix+qj^yj 1^-t |x-qgy| j ^=p^| jx^q^yj _ p»| |x+qgyj 

with jp^j < 1. 

Or using homogeneity of Birkhoff-James orthogonality, tlB 
following holds 

(**) X Ij y ==> llx+yl|®-l|s.y||® = a[:i|:x^by||2_ll3:+l)y||23 

with jaj < 1 and |bj < 1, 
By induction one can prove that for all n > 1 

^ ij y => 1 1 x+yl I ®-| 1 ^yl 1 ^ = a“ C 1 1 =«-b“y 1 1 ®-| |*-b“yl | . 

3n the limit as n we have 

X ij y ==> x ij y 
and hence Xis an inner product space. 

Using the same idea we have following 
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[Eheorem 2,2«.6 « Let X be a nonaed lanear spacje and 
0 ^ i = numbers such that 

p. q.. > S p . q. . for some i, 

^ ^ 3i^i 3 3 

Ihen X is an inner-product space if and only if the folloiving holds! 


(*) X ij y ==> S PjL Ijx+q^yi 1^ = E p^ I |3&.q^y| I 

-L IL 


Proof * Ihe (*) is necessary, is easy* To prove 
sufficiency assume without loss of generality -SJiat 


n 


Pi 


Let X y* Then we have 

I f - 1 l3i>-4iy| ^ C 1 13^1?! I^-I I^Wj^yl 

or 


jx+yj 1-1 |x-yl 




H n I 1^ - I l^U 

By using the fact that Birfchoff— James orthogonality is 
homogeneous we get 


where a,^ 


n 

= E 
i=2 

b - ^ 

Pi * i " ll 
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1 ix+yi 1^-1 1 ix+b^vi 1^-1 

= a|C 1 l 3 «-b|yj |^_| l 3 &.b|yl 1 l=^+^ 2 Vl 1 ^ 

-1 Ix-bgbgy] \ ^2+***+^^2%.Z I 1 *<•^ 2 ^ 21^1 I ^”1 I ^“^ 2 ^ 11^1 1 


+ a|[; j lx+b|yj ( 1 | Ix-bgyj | Ix+b^b^y) |^ - 

- I 

+ ... + 2 & 3 a^[:||x+b 3 b^yl| 2 .j| 3 ^ 1 jgT 3 ^y|| 2 j ^ 

.... + 4 cii^+^nyii^- li^^nyii^n. 

la this way by repeated use of the l^othesis (by 
induction) we get, for all m ^ 1 


I Il^+ylr-ll^~y|ri = I 




S r . = m 
i ^2 ^ 


0 1 '’ 3 ® • • I ^- 1 • • A^yl 1 ^ 1 


r„ r. 


- „ ^ _ ^rorrf...r„^ l® 3 ^l 


^ 2 — " 2 - 3 — n 
Zr^ = m 




llx+bg^ ... bjj^“y||^- llx-bg^ ...bjj^ylp 

X ■ ■ ' • 

^2 ^3 ^21 

\ ^ 

,2 tCn) - ♦(-n) 

let ^(i|) = ||x+nyj I • fhus jj is a bounded 


3X.I i2j 


function of n for o < ^ < 


OOi 


In fact it has a finite limit 
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as n ■* “ and as n -* 0, and is continuous on o < ti < », 

Lst M be a bound for ^ on 0 < n < «>, I*rcci tbe above 
inequality we have for all m > 1 


1 1 l^+yl 1^-1 |3&-y| 1^1 <M 2 (r “ r ) 

rg+r3+...+r^=m ^2*”^n 

X lagbgl''^ ... 

= M(|agb2| + jagbgl + ... + 


Right hand side of this 

n 

to infinity because 2 I 

2 


inequality tends to zero as m tends 
®'i^ii ^ 1 fr cm the fact that 


n 

2 

3^2 



< Pill- 


Thus in X, X J_j y =-> x J.j y which is a characterization 
of inner -product spaces proved in Theorem 2.1.8. 

Remark 2.2.7 a Define an orthogonality relation in a 
normed linear space X as follows : ■ 

X ig y <==> .2 Pj, 1 |xWiy| 1^ = 2 Pi i [s^iyl |®. 


This orthogonality is the so called symmetrical case of 
Oarlsson’s orthogonality ^Pbeorem 2.2,6, then says 


X ij y ==> I is y 


implies that X is an inner-product space. 
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let X be a normed linear space and a ^ 1 . 
Then X is an inner-product space if and cmly if 

(A) l|&.y|| = ||ax^y|| => ||3:_y||2 + a|lx|l®= |lyl|®. 

Proof, let x,y e X such that | (x+y) j = j |x-yj j . 

Ihen 



Prom (A) we get 



By applying the same argument to tie pair -x,y in place 
of X and y we obtain - 

( 0 ) ll»yl 1 ^ + a 11 - 3 ^ xll® = ||x+ ^ y|| 2 . 

Prom (B) and (0) we get 



Hence by lorch’s criterion ( 1 ) we get the result. 

Remark 2,2,9, If we put a = 3, we obta,in the result 
of Preese |3 which was mentioned by Blumenthal p, 7 ) . 

as a new norm postulate, 

Norm Identities Characterizing Inner-Product Spaces 

In this section we show that analogues in a normed 
linear space X of seme metric propositions in Euclidean plane 
give rise to postulates for X to be an inner-product space. 
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Later on we show that some of them and two recently published 
characterizations are actually conseq[uenceB of tte Iheorem 1,1.14, 
mentioned in Cliapter I, 

A proposition in plane geometry ; In any triangle 
the sum of the squares of the sides is three times the sum 
of the _ distances of the vertices from the centre of gravity of 
the triangle, 

Ihe metric analogue is : 

Theorem 2,5,1 . Let X be a normed linear space. 

Then X is an inner-product space if and only if for all 
x,y,z e X 

(2,3,1) lly+z-2xlj^+ ||z+2^2y|l^+ j|x+y-2z{|^ 

Proof. Necessary part is easy. To prove the 
suff iciency ,let u and v G X, Ohoose x,y and z G X such that 

y +z - 2x = - u and 

z + X - 2y = J + u. 

Then by equation (2,3,1), we have 

. 11^- ul|2+ ||J+u||2h.^1|v||2= 1[511u||2*||t-u1|2+|Kt1|23 

o 

Or 

(E.3.2) ||wa||^+||T-u|l®=3ni|y+ “ll^+llf - “II® 

+ ^ l|v||®:] -4||“|t®. 
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Replacing v by J in (2.3.2) and then substituting the 
value of 

Ilj+ull2+ ll?-u||2 

so obtained in (2,3.2) we have 

I + 1 C 1 1^+ 'll + 11^- u|1^3 

3 3 

+ (|+^) I I'll I® - 4(1+5) ||u||2. 

By induction we get 

(2.3.3) I |v+u| l^+l |t-u| |®=3“ C I + “I I^ + 1 1^ - “I l®3 

- 4 Cl+3+..'+3“3| iul I® 

= 3“ Cll3^4ul|?H|7_-ull^l 



-4[31+3+... + 3^) I juj 




+ I 




-I 


- T 



-^iS^ll'ill^ 

= s"c: 11^ 4 Mi^+iij^- “11^-21 I'll 
+ 2(1-^) I W 1^+21 111 I®. 
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Now 


lim 3' 

n -* oo 




i^+ “II* + life- “II* - 2iiuii^n 


= ■‘“^[iii“+tvii'^_iiui |23 + ■t“^[:ii“-Hi* 

- ii“ii*i 

= 2 1 i“i 1 - ct:(u,v)3. 

iEherefore on allowing n "to increase "to infiniliy in 
(2*3.3) we get 

v+u| 1®+| |v-ul (2=21 |u| |2+g| |2+2| lu| 1 [;4 ;(u,v)-(1^{u,t)] . 

Thus in view of the fact that 


“liCu-jv) > q._^(u,v) 


we have 

I lul I = 1 lv| 1 = 1 ==> jju+vll^ + Iju-vll^ >4 

and therefore X is an inner— product space by Schoenberg* s 
characterization (Sj'v)* 

Another gecmetrical proposition : The sum of the sq.uares 
on the sides of a q.uadr ilateral is greater than the sum -of 
the squares on its diagonals by four times the squares on the 
straight line which joins the middle points of the diagonals. 

Theorem 2.3.2. (Analogue), let X be a normed linear 
space. Then X is an inner-product space if and only if for 
all x,y, z and w e X 
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{E.3.4) ■||y-xl|2+ llz_y||2+ l|;^a||2+ ||x-wl|® 

= ll2-xl|®+llw-y|l®+4|l 2+2. ^||2. 

Proof. The necessity is easily verified and for 
sufficiency let z = -x and w = ~y in (2.3.4), This yields 
the parallelogram law, thereby proving the sufficient part. 

Recently RaJse straw [[35[] has given the folloB-^ing 
characterization s 

2 ,5 ,5 . Iiet X be a normed linear space . Then 
X is an inner~product space if and only if 


(R) n > 3, 

^1*^2’****^ ® ^ ® 2 > • • • f 3^® real 

numbers such that 


n 


S a, = Of 
i=l i 


then 


n 




3 < 

The proof of the sufficiency of this theorem is immediate s 
for and Xg G Z 

i I i^l+Xgl 1^ = I || + I + (-1) Oj 1^ 

= §11 ^ll 1 ^ § 1 1^1 1^ "* 5 i I ^1-^1 1 


by (R) and thus (JR) holds 
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7/e will prove the following modified form of the 
above theorem. 


theorem 2.5.4. Let X be a normed linear space, let 

^l*^2*****^n pj^escribed ncai— zero real numbers such 


that 


n 

? a. = 0. 
i=l ^ 


Then X is an inner-product space if and only if for 


all x^jXg, .. ., 2 c^ e X, 

(2.3.5) II £ a. x.|l^ = 
i=l 


2 

1 < i < 


3 < n 


II 




2 


Proof. The proof of the necessary part of Theorem 2.3.4 
is the same as that of Theorem 2.3,3. Rake straw has given a 
q.uite nice proof which we are including here for the sake of 
completeness. The proof is by induction on n. Thus if n =s 3, 
then 

3 

1 I “i^il “ I + ag(x2-3E^)J I 

Z 2 

+ tt^CXg (Xg*“25^ j ) + Ug j |Xg— 3^j I • 

Upon replacing Xg-Xg by x^-s^+Xg-x^ and 


x^-x^ by Xg-Xg + Xi-Xg 

in the second and third terms respectively and using additivity 
of inner-product, we obtain 
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Ilf “Al I -xl I 1 1 l-X-^l 

1 sl l^~^l I '”‘l“E(^-Xg,X^-Xg)+a|| Ixg-x^l I® 

= “l(t«l+ag)| Ixi-Xgl |2+ag(a^+ag)||^_^| |2 

+ ai“gC ^^l"^>^-=^)+(Xg-Xg,3g_Xj)+(Xg_X3,X^_2^)^ 

= -“l“2 1 I ^x-^ 1 1 1 1 x^-xg 1 1 ^-ttgocg 1 1 xg_j^ 1 1 2 . 

How assume that (2,3.5) holds for some n > 3. let 

X and “iidgi .. 0 be real numbers 

such that 

n+1 

2 a. = 0 . 


Set X 


n+1 

11.2 

1=1 


^“n'^“n+l^ ~ °''1‘*‘°^2'*'* ••■^“n-1* 


“All^ = «^ xllJ ,(:^) x ,-^,|| 


n^l a. 


Since 


. n+1 

11.^, 

1=1 


-^ r “5 ^X 1 + ^ , n 

““n+1 Li=i X ij ““n+1 " ^+1^^ 


X “n 

_a “ + “a -1=0, it follows that 

n+1 n+1 


t .2 2 I — ®-fX. o 

n+1 

X n-1 a.x. 

2 Mr 11 _ I I 2 . 


X H— 1 cx.x. o (X _ 

^ "ifx l^-Vil 
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By the induction hypothesis, we have 


n+1 

II 2 oc 

i=l 


i^i 


xa. 


n 


X a. 


n 



2 

i < 






1 < 


-2 
i < 


D < 31-1 


)i2 


iiv-jii"] 


+ 


“nVl 


Simplifying we obtain 


n+1 


i;=l 



-2 

1 < i < 3 < n+1 




2 


lo prove that if (2.3.5) holds for all choices of 
then X must he an inner.-product space, we 
suppose, without loss of generality that cc^ ^ i a 2 » letting 
Xg = x^= ,,, = x^=:0 in (2.3.5) we obtain that there exist 
nonzero numbers such that for all X]_ and Xg G X the following 
holds 4 

(2.3.6) lla^x^+agxgll^^-aiagllx^-xgll^-ajlxjl^ 

- ®2 I 1 ^ 211 ^ ^^3 ®3 

1 I I I 1 1 ^ll I ^ 

+ 1 j^l 1 
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= “il l^ii l^+ttgl l^ll^+otiCtgQI |x^_Xg||®+| Ix^l 1 2+1 Ixgl 1®3 
Eeplaoing Xg by (_xg) In (2.3.6) we obtain 
(2.3.7) 1 la^Xj^-KgXgl I® = a® ilxj^ll® + a® HxgH® 

+ “i“ 2 Cllxi+^l 1^+1 |xil 1^+1 1 ^ 11^3 

From (2 #3 #6) and (2.3*7) we have the identity 

1 |“a+“2=%i - 1 i“A-“2*2i I® = “i“g[: 1 i^i-xgi i®-i ixi+xgi i®3 

Chus in the normed linear space Z, the following holds s 

l|xi+3«^2li = 11^1-^11 => l|aiXi+“2^1t - llaiXj^-agXgll 

which is the criterion (1) of lorch. Hence Z must be an imer- 
product space. 

In another recent paper Jolmson has proved the 

following s 

theorem 2.5.5« let Z be a normed linear space such 
that for some n > 3 

£ n (-1)® I jx+my] 1^ = 0 for all z,y e X, 
m=0 m 

n _ 9 

then £ n (-1)“ | |x+myl | = 0 for all n > 3 

m=0 Si 


and X is an inner-product space. 
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Proof, See [3222]. 

In i:he follo\/ing we infend "to show that fhe Iheoreni 1,1,14 
of Oarlsson in the first chapter is q.uite powerful - 

powerful enough to yield theorems 2.3.1, 2.3.4 and 2.3.5 easily. 

(1) Alternate proof of theorem 2,3.4* 

After getting eq.uatian (2,3.6) we can say that for 
all X, y G X, we have 

1 I“A+“2^1 l^+Val l^-“i(“i+“2)| l^ll l®-ag(aj*ag)l Ixgl 1^=0. 

Therefore the conditions of Theorem 1,1,14 are satisfied if 
we taJce 

a^ = 1, ag = ^ “ “®'i(®i*'®2^ * ^4 ” 

bi = aj^.bg =1 , bj = 1 , b^ = 0 

c ^ ^ ^2 ss •• 1 , Og ss 0 and c^ cs 1 , 

Hence X is an inner-product space. 

(2) Alternate proof of Theorem 2,3.1. Prom eq.uatian (2.3.2) 
we have for all u, v G 2 

llwvl |2+llu_vl 1^-31 |l|®-3|lu- J||«44 ||u1|2. I 11t112= 0. 

The conditicQis of the Theorem 1,1.14 are satisfied if 

we taJce 

ai = 1 , ag = 1 , ag = -3 , a^ = -3, = 4, Sg = - g- 

h^ = 1 , h2 = 1 , hg = 1 , h^ = 1 , bg = 1, bg = 0 

1 1 

c^ = 1 , Cg =-l , Cg = g , c^ =- g , Cg = 0 and Cg = 


1 
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Hence X mast tie an inner-product space. 

(3) Alternate proof of Theorem 2,3,5. Take 

= n^ (—1)^, h^ = 1, c^ = v» V = l,2,.,.,n. The 

req.u-lcs^^'^s of the Theorem 1,1,14 are again satisfied. 
Therefore X is an inner-product space, 

V/e end this chapter v/ith the 

Remark 2,3.6, One starts getting the impression that 
the analogue of every reasonably general proposition of 
Euclidean plane would perhaps yifil4 a characterization of 
inner— product spaces. It is not so. The following counter- 
example was suggested by Day and others and was worked out 
by Kelley * 

E 3 gi.mple 2,5,7, In the Minkowski plane of ordered pairs 
of real numbers with unit circle a regular dodecagon 
the following norm identity is satisfied 

x.y e X, 11x11 = llyll = i= ll^yll => ll=»yil 
G-eometr ically stated it says that the medians of 

V3 

equilateral triangles of side length t are of length ^ 1 

as "tliey ars jn 1113.6 Euclidean plane# 



Gj^ m II I 

Orthogonality for Generalized Inner-Product and Characterization 

of Inner-Product Spaces 

The generalized inner— product <x,y> in a normed linear 
space X, is the right Gateaux deriT?ative of the functional 
^ I t^t 1 i at X in the direction of y. The orthogcsaality 
relation for the generalized inner-product is 

X l(j y <==> <x,y> = 0. 

In this chapter, we obtain a result on the right existence 
of G-orthogonal pairs in every two-dimensional subspace and 
show by a counter exan^le ,the left existence may not be there. 

It is proved that a normed linear space is smooth if and only 
if the Birkhoff- James orthogonality implies the G-ort hog anal ity, 
and the left uniqueness of the G-orthogonality is a necessary 
and sufficient condition for the normed linear space to be 
strictly convex. Using -i^fhese results we provide a shorter 
proof of a theorem of James which states that the syrmetry 
of the G-orthogonality implies the symmetry of the Birkhoff— 
James orthogonality. R.A. Tapia C463 proved that X must be 
an inner— product space if the generalized inner— product is 
either symmetric or linear and D. laugwitz proved that 

if the dimension X > 3 and the orthogonality for the generalized 
inner-product is symmetric, then X is an inner— product space. 

We give alternative proofs of these results. 
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5»1 Generalized Inner-Product Orthogonality 


Let X he a real normed linear space, She norm functional 
will be denoted by g.(x) as before, The generalized inner- 
product of X with y, denoted by <x,y> is defined as follows : 


<x,y> 


1 

S' 


lim ^ 

t - 0+ 


llx+ty||2 

t 



, 


It follows that 


<x,y> = 1 jxj j q-ICxjy), 


Thus 


\7e say x is G- orthogonal to y (x Iq y) if <x,y> = 0. 
X j_G y <=> either x = 0 or q._|,(x,y) = 0. 


lor X > 0, "the relations 

q.|(x,xy) = xa^(x,y) and 
q.|(xx,y) = a^(x,y) 

show that the G-orthogonality is positive homogeneous, 

Tti what follows, we will be using the results of 
Theorem 1,1,2 and Theorem 1.1,6, without referring to them 
again, and again. We begin by proving the right existence for 
G-orthogonality . 

Theorem 3,1.1. let x and y be linearly independent 
elements of a normed linear space 3C, There exists a unitiue 
number b such that 


X J_Q^ bx + y# 
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-q,‘(x,y) 

Proof* Taks Id = ■ ■ , Hion 

1 12:11 

qL|(x,bx+y) = Td| |x| 1 + qL|(x,y) = 0. Thus x hx + y. 

If there exist a,p(a p) such that 

^ Lgt “ 2 : + y and X PsH-y, then we haTe 

“1 1^1 I + ^^(x,y) = pj [x] I + q.^(x,y) T/hich in turn gives 
a = p, a contradiction proving the uniqueness of 'b* in x bx+y. 

Por G-— orthogonality there may be no number *b* such that 


bx 


+ y is X, 


as the following example shows. 

Examp le 5.1.2. Consider with the norm 

ll(x^,X2)j| = |x^j + |x2|. 

Let X = (1,0) and y = (0,1). Then we have 

ll(n+t,l)|l - il(n,l)|l 


q’(Tix+y,x) = lim , 
t - 0 


= lim 


jn+'fcl — [n 


t -* 0 " 


= 1 for n > 0 
=-.1 for n < 0* 

Thus q^(Tix4-y,x) / 0 for all n and therefore, there exists no n 
for which 


nx + y 1 Q. X. 
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lot X be a normed linear space. 

X is smooth if aond only if 

X, y e X and X Lj y ==> x y. 

Proof. If X is smooth, then x y if and only if the 
Gateaux derivative of the norin at x in the direction of y is 
zero. Hence the two orthogonalities are the same. 

If X is not smooth, then there exist 0 x and y e X 
such that X J_j y and x J_j (x+y). The ]::ypothesis then 
implies that x J_q y and x (x+y). But that means 

^1(2:, y) = 0 and q._[_(x,x+y) = {|xj| + q.|(x,y) = 0, 
which is false. That completes the proof. 

Theorem 5,1.4, let X be a normed linear space, I is 
strictly convex if and only if the G-orthogonality is left 
uniq.ue i.e, if and only if 

“x+y Iq. X and px + y Ig x ==> a = p . 

Proof. If X is strictly convex and ax + y j_Q x and 
Px+y X, then ax+y J_j x and Px+y Lj x and therefore a = p. 

On the otherhand, if X is not strictly convex, then 
choose y and z such that 

} |yl 1 = I 1 zj I = 1 1 (l*-t)y+tz{ I = 1 for 0 < t < 1. 


Por 0 < X < 1 
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( z-y)+y, z-y) 


lira . 

t -* o'*' 


1 l(X+t)( 2 -y)+yj j_j lx(z;-y)+y} ] 

— — — — g 


= 0 . 


Ihus Xx+y Xq. ^ 0 < X < 1 v/here x = z-y and iience tbe 

proof of tiB theorem is completed. 

The following result is the Theorem 3,5 of James H • 
In view of the above results, we are able to give a shorter 
proof of it. 

Theorem 5,1,5, If in a normed linear space S, the 
G-orthogonality is symmetric, then the Birkhoff-James 
orthogonality is also symmetric and X is both strictly convex 
and smooth. 

Proof. Suppose x and y are linearly independent elements 
of X such that 

V 

ax + y Xg- ^ Px+y Xg- 
Then by symmetry of G-orthogonality 


X Xg °^*ty and X Xg then 

“ ° ^ " Twr ■ 

Therefore X is strictly convex. 

Now suppose that X is not smooth. Then there exist 
X, y G X such that x Xj y ^ Xg y* Choose b 0 such that 
y Xg ^y+ 3 C. Then by+x Xg y therefore by + x Xj y 'which 

contradicts the strict convexity of the space. Hence X is 
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smooth and both the orthogonalities are the same. That gives 
the result, 

Ppyollary 5.1.6 (laugvvitz [^29, Theorem 4]]), let X 
be a normed Ijnear space of dimension > 3. Then X is an inner, 
product space if and only if <x,y> = o implies <y,x> = 0, 

Proof, If X is an inner —product space, then the 
generalized inner product is the inner— product and therefore 
<x,y> = 0 => <y,x> = 0, 

The other way, if <x,y> = 0 ==> <y,x> = 0, then by 
Theorem 3,1,5, B irkhoff— James orthogcnality is S 3 mmetric, 

Since the dim X > 3, X must be an inner-product space 
(Bay [II 7, Theorem 6,4 ^ ) , 

Generalized Inner-Product and Characterization of ihner- 
Product Spaces, 

Tapia [|46|] proved that X must be an inner-product 
space if the generalized inner-product <x,y> is either linear 
:;ln x or symmetric, laugwitz [^29[] gave a geometric proof 
• ,bf the same result. In the following we provide another 
proof. 

Theorem 3,2,1 , Por a normed linear space X, the 
follov/ing are eqLuivalent : 

(i) X is an inner-product space, 

(ii) I [xj 1 = I |yl I ==> lim (||nx+y|| - ||x+ny||) = o 

n •* «» 

(iii) <x,y> = <y,x> for all x,y 6 2* 

(iv) <x,y> is linear in x for each y e X* 
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Proof. ( i) => (ii) is straight, 

(ii) ==> (iii). Let l|xl| = llyj|, iten 
<x,y> = llx|| q;(x,y) 

. lull » lilsjiLiiHi 

n CO ± 

n 

= I lyl 1 lim j |nx+y| ] - j jnyj | 
n “** cc 


= 1 IyI 1 lim (1 jnx+y| j-] Ix+nyj j+j lx+ny{ j-| jnyj j) 

-► OQ 

= llyll (jjny+xjj - jjnyjj) 

n oo 

= 1 iyl 1 i4-(y»x) = <y,x>. 

I 1 3^1 1 4 - 1! yj I > ■fclaen j j j jxj | yj | = j } j j y| j xj j and the 

above argument yields 

<x,y> = jjxjj q4.(x,y) = tlj(x,j|xj jy) 

= 1 l^cjiy) = a^djxj jy, llyjjx) 

= I ly| 1 ‘l+Cyjx) = <y,x>. 


(iii) ==> (It). We first prove that the Birkhoff-James 
orthogonality is symmetric. Let x Lj y* -x J_j -y 

and X i.j -y. Therefore q^(-.x,-y) > 0 and <lj_(x,-y) > 0. 
Thus 


‘i+C-yjx) 



i^Cxj-y) 


> 0 


q. 4 .(-y,-x) 


iMi 

11711 




> 0 . 


and 
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Therefore -y ij x, and hence y J_j x. 

Neirt we show that Birkhoff-James orthogonality is 
right uniq.ue (O 5 ^ x, x Ij ax+y, x ij hx+y ==> a = b). 

If not, then there exist x,y e X, [ jx] | = j jyj j = 1 
and number G > 0 such that 

X ij y and X J_j ax+y for all 0 < a < e (see James 
[[]20, Theorem 2.3]])» That means 

1 |ax+y+kx| | > | j ax+y| \ for all k G R. 

Rrom this and by using symmetry of Birkhoff-James orthogonality 


we have 







1 

lyll 

> llax+yjl > llyl|. 


Thus 






(3.2.1) 

1 

1 = 

Ilyll 

= 1=1 |ax+yl 1 for 0 < 

a < 

Then by 

•Hi 

and 

(3.2 

. 1 ) 


(3.2.2) 

q.^(ax+y, 

x) = 

q.^(x,ax+y) = aj jxj l+a|(x, 

.y)» 

and 






(3.2.3) 

<l 4 .(ax+y, 

x) = 

1 q.|(ax+y,ax+y-y) 



= I I 1 ax+y 1 1 + I qL|(ax+y,-y) 

= I I I ax+y 1 I + I q.|(-y,ax+y) 

= I l|a»fy|| - I llyll + 'il(-y.s) 
= q.4.(-y.x) = ii(3:.-y)* 



78 


Equations (3.2,2) and (3.2,3) yield 

1x1 I + q.^(x,y) = q|(x,-y) for 0 < a < e, 

which is impossible, fhus Birkhoff-James orthogonality is 
right unique proving that S is smooth (Theorem 1.1,6). Thus 
for each x, 

<x,y> = 1 lx| 1 q^(x,y) is linear in y. 

Erom this using (iii) we see that 

a <x^,y> + h <X 2 ,y> = <y,ax^> + <y,hx 2 > 

= <y,ax2+hx2> = <ax2+b3^,y>. 
Therefore <x,y> is linear in x for each y 0 X. 

(iv) ==> (i). 

Let I lx| 1 = 1 lyl I = 1. Then 

(3.2.4) llx+yjl q^(x+y,y) = j jx+y| |q|(x+y,x+y-x) 

= I jx+yj l^+l Ix+yj I q^(x+y,-x) 

= 1 Ix+yl 1^+1 |x| I q^(x,-x>i-| |yj }q^(y,-x) 
= 1 lx+yjl^-llxl|^+l|yllq;(y,-x). 

Also 

(3.2.5) 1 |x+yl lq^(x+y,y) = llxj| q^(x,y) + Hyjl a|(yjy) 

= llyll® + ll=cil 'i; (s,y). 
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Prcm (3 •2.4) and (3.2 .5), we have 

(3.2.6) I Ix+yl |®=| |y| |2+| 1x1 |®+| |xl |a;(x,y)-| ly| |a;{y,-x) 

= 2+llxjl <l^(x,y) - l|ylj q.j.(y,-x) . 

Replacing y hy _y m (3.2.6), we get 

(3.2.7) l|x>-yl|®= 2+l|xl |q;(x,-y) -llyll <i;(-y,-x) 

= 2+llxjl (i^(x,-y) + |jy|| q|(y,-x). 

Adding (3,2.6) and (3.2.7) yields 

j jx+yj + 1 lx-y| = 4 + (q.^(x,y)-q|(x,-y)) 

> 4. 

2hus, if in the space X, (iv) holds, then 

(s.-i.) 11x11 = llyll = 1=> ||x+y||®+ llx^yll® >4, 

which is a characterization of inner— product spaces due to 
Schoenberg completes the proof of the theoreia. 

Remark 3.2.2 . The in^lication (ii) of Theorem 3.2.1 
■ pLs due to James (C^oUt theorem 6.3). His proof was different. 

Remark 3.2.3. We v/rite f(x) = ^ | (x| j^. Then 

f|(x,y) = l|xjl q|(x,y). The second right Sateaux derivative 

of f at X in the direction of y^ and yg is defined to be 

1 |x+tyj lqj^(x+'tyi.yg)-l |x| lq4,(x,yg) 
f'Cxjyi.yg) ^ 
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Ihen 

f”(0?yi,y2) 



IhyiH <li(tyi,y2) 


11^1! j^^(yi>y 2 ) 


= <yi»y2>« 

Thus Tapia C46n observes that 2 is an inner-product 
space if and only if the second right derivative of | 1 jxj 
is linear or symmetric (or if f is twice Frechet differentiable 
at the origin). 

This might be seen in relation to inner-product 
character izaticns by twice Prechet different iality of the norm 
away from the origin given by Sonic and Reis [l3|], Rao [[362] » 
Sundaresan leonard and Sundaresan [[3o2]» 

We give below another characterization of inner-product 
spaces in terms of differentiability properties of the norm. 

Let us recall that if 2 is a smooth normed linear space, then 
the linear functional j |xj j is denoted by J and the 

jUl 

map X *♦ J is called the normalized duality map. It is 
characterized by the properties 

11^x11 = 

Theorem 5.2.4. For a normed linear space X, the 
following are eq.uivalent : 

(x) 2 is an inner— product space. 
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(ii) Z is smooth and J^c+y ~ ^x*^y x J_j y. 

(iii) Z is smooth and J • Z “*■ Z* is linsan# 

(iv) Whenever x,y e Z, e Z* are such that 

11^11 = 1 IV'l 1 = ♦(x) = '^(y) = j jxj j = j jyj j = 1 , we have 

(♦+^) (x+y) 'o j [x+y] 1 ^, where n» is one of the relations 
> , =,and < , 

Proof, ( i) ==> (ii) is immediate, 

(ii) ==> (iii) follows from the fact that the 

normalised duality map J is odd i,e, J = - J , 

and an odd orthoganalZy additive transformation must he linear 
(Sundaresan ^[43, Lemma S^), 

(iii) ==> (iv). Let x,y e Z and 4 >, if» e X* such that 

1 U1 1 = 1 1 = 1 = 1 1x1 1 = 1 lyl I = ♦(x) = I|»(y), Since Z is 

smooth, 4 ) = J ,ip = J . Therefore 

X y 

(<>+<») (x+y) = (J 35 .+Jy)(x+y) = (x+y) = j lx+y{|^ 

(iv) ==> (i)* Let 1 lx| I = 1 ly| j = 1 and let ♦ and ♦ he support 
functionals at x and y respectively. By (iv) we have 

I Ix+yj 1 ^ -v. (♦+<») (x+y) = 2 + ♦(y) + ♦(x) 

and I |x-y| 1 ^ a, ( 0 -.i(») (x-y) = 2 - ♦(y) - ♦(x). 

Thus we have for x, y e X, 

l|x|l = llyll = i=> |la-yl|®+ IIMI® '4. 

That is the criterion (S,''») for inner-product spaces 
hy Schoenberg* That completes the proof of the theorem* 



OHAPOI Egl IV 

Gontinuous Orthogonality Vector Spaces 

In a paper Gudder and Strawther C 153 took the basic 
properties of Birkhoff-James orthogonality as axioms to define 
** an Orthogonality Vector Space” as mentioned in the introductory 
chapter of the Thesis. In the following we will modify this 
definition to introduce the concept of ‘Continuous Orthogonality 
Vector Space* • It turns out to be an orthogonality vector 
space of a special kind. We then obta.in a sort of converse 
to their result ^15, Theorem 3.1]J characterizing orthogonally 
increasing fimctionals on a normed linear space. 

A vector space X will be called a Continuous Orthogonality 
Vector Space (GOVS, in short) if there is a relation x J. y on X 
satisfying : 

(0^) X J_ 0, 0 J_ X for all x G X. 

(Og) if X J_ y and x ^ 0 , y 7 ^ 0, then x and y are linearly 

indep endent , 

(Og) if X y, then ax by for all a,b 6 R. 

(0^) if P is a two-dimensional subspace of X, then for every 

0 ^ X G P, tlBre exists a unique 0 y G P (upto scalar 
multiples) such that x J. y. 
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(Og) ■ Whenever e P, G P, - x, -* y,and x^X y^* 
then X ly (convergence here is in the conventional 
topology of P). 

It is easily seen that (0^) is equivalent to 

(0^)* for X 0, y e X, there exists a unique a such that 

xX + y. 

theorem 4.ia« Let X he a GOVS. Define a real valued 
function 4* on X * X as follows : 

(i) <fr(x,y) = 0 when x = 0; 

(ii) <|>(x,y) = a when x ^ 0 where a is the unique number for 

which X 1 OCX + y* 

Then 

♦ (x,y) = 0 <==> X 1 y* 

Proof. Easy and is emitted. 

theorem 4.1.2 . The function ♦ of Theorem 4.1.1 has the 
following properties s 

( i) ♦ (e«,by) = I ♦ (x,y) for all i and y 6 I a«d f or all 

nonzero a, h e R. 

(ii) <|>(x,ax+y) = -a + <^(x,y) 

= a ♦(x,x) + ♦(x.y) for nonzero x and y e I. 

Proofa.V>Iet ♦(x.y) = a, then x i ax + y and by (Og) 


ax 1 cchx + by 
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which iii|)lies that 

«(az,hy) = a - = - <!>(x,y) provided a o and b 0. 

(ii) For X 7 ^ 0 and y ^ 0 , 

♦(x,ax4T^y) = p <==> xi (p+a) x + y 
<==> ♦(xjy) = p + a 
<=> p = _a + ♦(xjy) 

= a tCxjx) + ♦(x,y). 

Tlteorem 4«1.5 « Let x be a nonzero element of a GOVS Z 
and p,q > 0. There exists z e X such that x 1 z and 
X + pz X - q.z. 

Proof, Let y ^ 0 such that x y. Set 

g(w) = ♦(x+pwy, x-qpy) for 0 < V < “ 

= ♦(x+pwy, x+pvy - (p+«l)yy) 

= -1 + ♦(x+pyy, -(p+‘l)py) 

= ^p?^ ^ for w 7 ^ 0 

= .1 _ E±i + y» y) w 0 . 

Thus 

lim g(u) = -1 + = ^ > 0. 

Obviously g(0) = -!• 

If possible, let g(y) 4 0 0 <, u < *»• Let 

^ ^ V and g(yj^) ± 
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(^ 4 )* each n, "bhere exists such that 

X + PUjjJ i g(«jj) (x+pvj^y) + x;.qp^ y 

Or X + y i x+p„^y + — , by(Og). 

But then as n -* <», (Og) gives 

X + ppy X ^ + ppy 

which is a contradiction. Therefore g is bounded. 

Again let -* w and g(u ) - A while g(y„ ) - B. 

** II 

By (%)» 

X + pyy 1 A(x+pwy) + (x>.qiiy) 

and X + pyy J_ B(x+puy) + (x-qyy). 

Therefore 4 = B by (0^)* which implies that g(w^) is 
a convergent sequence, 

let gCVjj) ■* A. Then we have 

X+ pyy lA(x+pyy) + (x-4yy), whence 
A = tCx+pyy, x--q.yy) = g(y). 

Thus g is continuous, g( 0 ) = -1 and lim g(y) = ^ > 0; 

but g(y) ^ 0 for all 0 < y < ~, which contradicts Intermediate 
Talue Theorem. Thus 

g(y) = 0 for some 0 < y < 
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But then 

X + PPy 1 x-q.uy for some 0 < v < oo, 

Heplacement of- uy by z, gives the result. 

4.1.4. Prom Theorem 4.1,3 we see that 
(O 5 ) holds in a GOVS and therefore any continuous orthogonality 
vector space is an ’Orthogonality Vector Space'. 

Remark 4.1,5. (0^) to ( 0 ^) may not suffice to yield 

(Og) can be seen from the following example : 

Example 4,1.6. let X be with the orthogonality 
relation defined as follows 5 

(l,X)i(X,l) 

and (X,1)J_(1,X) for _1 < » < 1; 

( 1 , 1 ) 1 ( 1 , 0 ) 

(-1.1) i(l.O) 

and extend this relation to yield a hcmogeneous relation. 

An inner-product (•,•) on an orthogonality vector ^ace 
(OVS) is said to be orthogonally equivalent if 

X iy <==> (x,y) = 0 

A norm j j •( j on an orthogcxnality vector space (Z,|,) is 
said to be orthogonally equivalent if 


X i y <==> z Ij y. 
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It has been proved by Gudder and Strawther that if 
there exists a nontrivial orthogonally additive hemi-cont inuous 
even functional on an 013 (z, 1), then there is an orthogonally 
eciuivalent inner product on (X, i). In the same paper, they 
characterize orthogonally increasing functionals on a normed 
linear space with the orthogonality relation of Birkhoff and 
James. 

Let X be a normed linear space, A function 

f J X - R 

is radially increasing if a > 1 implies f(ax) > f(x) for all 
X G X and f is sp her ically incrfiae injg if 

I l^l I ^ I ly| I ==> ^(x) > f(y) for all x,y G X. 

The Theorem of Gudder and Strawther characterizing 
orthogonally increasing functionals can be stated as follows : 

Theorem 4.1.7, (Gudder and Strawther) Let X be a 
normed linear space with dim X > 2 and f be an orthogonally 
increasing functional on X, Then f is spherically increasing 
and there exists a countable number of spheres Sf, Sg,... such 
that f is norm continuous at w if and only if « gf 
I*urthermore there exists a nondecreasing function 

g : R*^ - R 

f(a)) = g(ll«l|) for 


su<di that 
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In particular if f is an 
functional, tlien there exists a 


orthogcaially increasing cantinuous 
nonde creasing functional 


g s R'*’ R 


such that 


f(w) = g(| 1 w| 1 ), 


In what follows we show that in a way existence of 
orthogonally increasing functional on a DOTS forces the existence 
■of- a norm on X such that the orthogonality is Birkhoff-James 
orthogonality arising out of that norm. More precisely 

theorem 4.1.8. let X be a continuous orthogonality 
■vector space (GOVS) and 

f : X R 

such that 

(i) f(xx) = |x| f(x) for X e Rj 

(ii) f is orthogonally increasing, 

Then f is a norm on X, further 

(iii) if f is Gateaux differentiable, then the norm 
f is orthogonally equi-valent on (X, 1 ). 

Firstly we pro've two lemmas : 

Lemma 4.1.9. Let X be a GOVS and 

f ! X - R 

an orthogonally increasing function with f(o) := 0. Ken f is 
radially increasing* 
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Proof. let X > 1. Choose y e X such that x 1 y and 
X— 1 3C-y. Such a y G X exists by Eheorem 4,1,3, How 

f(Xx) = f C (X-1) (-^ X + y) + (x-1) (2^y)3 

> f C^+ (x-1) 72 

> f(x) for X > 1 , 

Thus f is radially increasing. 

Lemma 4,1.10, let X be a OOYS and 
f : X - R, 

a nontrivial orthogonally increasing functional with 

f(Xx) = |xl f(x) for X e R. 

Il3en f(x) > 0 for x 

Proof. Let X 0) e X such that f(x) > 0 and 
y(j^ O) G X. Choose z 0 in the span of x and y such that 

X J_ z and x+z J_ x-z, 

Now 

f(2z) = f(x+ 2 -x+z) > f(x+z) > f(x) > 0, 
which implies that 

f(z) >0. 

Let y = ax + bz 5 ^ 0* Then 

f(y) > = ja| f(x) >0 if a 3 ^ 0» 
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and if a = 0, b ^ 0, then 

f(y) = |bl f(2) > 0. 

Ihat completes the proof. 

Proof of the Theorem. By the tvvo lemmas, we have 

(i) f(x) > 0 for X ^ 0 

( ii) f(x) = 0 <=> X = 0 and 

(iii) f(Xx) = jxj f(x) for all X G R. 

Row it remains to prove the triangle inequality only, so that 
f may be a norm. 

let x,y e X. If 

x+y 1 3&.y, 

then 

f(2x) = f(x+y+ 2 >.y) > f(x+y) 

and f(2y) = f(y+x+y-x) > f(x+y). 

Hence f(x+y) < f(x) + f(y). 

If X + y let a be such that 

X + y J_ a(x+y) + (x-y) = (a+1) x + (oul)y. 

Then 

f(2y) = f [l(a+l)(x+y) - (o+l) x - (a-l)y] 

> f Qa+l)(x+y)3=|a+l| f(x+y) 
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and if a = 0, b o, then 

^(y) = jbj f(z) > 0, 

That completes the proof. 

Proof of the Theorem, By ti^ tv?o lemiasj vre have 

(i) f(x) > 0 for X 5 ^ 0 

(ii) f(x) = 0 <==> X = 0 and 

(iii) f(Xx) = |xj f(x) for all X e R, 

Row it remains to prove the triangle ineq.uality only, so that 
f may be a norm, 

let x,y e X. If 

x+y i 35^y, 

then 

f(2x) = f(x+y+3fr-y) > f (x+y) 

and f(2y) = f(y+x+y-x) > f(x+y). 

Hence f(x+y) < f(x) + f (y). 

If X + y x-y, let a be such that 

X + y i a(x+y) + (x-y) = (a+1) x + {(i-l)y. 

Then 


f(2y) = f Q(a+l)(x+y) - (o+l) x - (a-l)yll 
> f Qa+l)(x+y)3=ja+l| f(x+y) 
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. and 

f(2x) = f(-2x) = f 13 (a-l)x + (oul)y - (ot+l)^ - (a-l)y^ 
>f C (oc-l)(x+y)2] = la-lj f(x+y). 

Hence 

2f(x+y) < (lo 4 . 1 j + joulj) f(x+y) < f(2x) + f(2y) 

or f(x+y) < f(x) + f(y). 

Ihus f is a norm on Z. 

By (Og) X 1 y ==> X J_ Xy for all X e R 

==> f(x+Xy) > f(x) for all X e R* 

Thus the orthogonality is ccsntained m the Birkhoff-James 
orthogonality of the normed space (Z,f)» 

Sujppose that the function f is now Oateaux differentiable. 
^ Lj y ^ y. There exists a 0 such that 

X 1 ax + y 

and then x J_j ax +y. 

But that means f is not G&teaux differentiable, contradic- 
ting the hypothesis. Hence x JLj y ==> x J_ y* 


That ccHupletes the proof 



OHAPm T 


U-Orthogonality and Nonlinear Punctionals 
Convex linear lopological Spaces 


on Locally 


Let N Toe a nonlinear mapping- of a Hausdorff locally 
convex linear topological space X into its dual If x and 

y are elements of X, x is said to be N-orthogonal to y 
(x lu y, in short) whenever the value of Nx evaluated at v 
denoted by (Nx,y) is zero. A real valued function on X is 
said to be N-orthogonally additive if 

f(x+y) = f(x) + f(y) whenever x y. 

In this chapter we will first study this orthogonality 
and give sufficient conditions on N in order that N- orthogonality 
becomes nontrivial in the sense that each two-dimensional subspace 
oi" X contsios a. pair of nonzero N-orthogonal elements. We 
then consider the problem of concretely representing the class 
of orthogonally additive functionals on X. S undare san and 
Kapoor 

considered this problem taking H as a linear 
snapping, Sundaresan [^43^ discussed the representation of 
such functionals with Birhhoff-James orthogonality on X. Gudder 
and Strawther [^15^ deal with the same problem in the abstract 
setting of orthogonality vector spaces. At the end of the 
chapter it is shown that in a locally convex space Z if an 
K-orthogonality satisfies a kind of Pythagbreous property. 
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then £ must be an inner-product space, 

5,1 H-Or t hog onal it y 

Let H : Z -* £■* be a nonlinear mapping, x is called II- 
orthogonal to y(x y) if (Ifx,y) = o. Let us recall that the 
orthogonality is called left ( right ) homogeneous if 
X in y ==> ax y (x y ==> x ay) for all a G R. 

It is called symetric if x y ==> y i^^ x. Ihe mapp ing U 
will be called symmetric if 

(lTx,y) = (xjHy) for all x,y e S. 

It is easily seen that a symmetric mapping is linear, 

A nonlinear mapping U which gives rise to symmetric orthogonality 
is given in Example 5.1,2, It is clear that ijj is right 
homogeneous and right additive, but in general it is not left 
homogeneous or left additive (see Examples 5.1,3 and 5,1,4 
below) • But if the orthogonality is symmetric then it is both 
left homogeneous and left additive, 

?ife will assume that 11(0) = 0 so that 0 is N-ortbogonal 
to every vector in X and every vector in X is orthogcxnal to 
zero. We shall further assume that the orthogonality is positive 
left homogeneous i.e, tx J.^ y whenever x y and t > 0, 

This happens to be a fairly strong condition on the mapping E, 
as seen in the following 

Theorem 5,1,1, Let X be a locally convex linear 
topological space and B : X "* X*, Let R"** be the set of 
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narmegative real numbers. Then N-orthogonality is positive 
left homogeneous if and only if for some real valued function 

f on R+ X X which is such that f(t,o) 5 0 and 

f(t,x) = 0 <==> t = 0 for X ^ 0 , 

l\r(tx) = f(t,x) lT(x) holds, 

further, if lT(x,x) > 0 for all x 0, then 

f(t,x) > 0 for aU t e R'*' and X e X. 

Proof. If N(tx) = f(t,x) Nx, then 

(Rxjy) = 0 => (R(tx),y) = o for t > o. Therefore the 
orthogonality is positive left homogeneous. On the other hand 
if X = 0, set f(t,0) 5 0 and X 0 and t = 0, set f(0,x) = o. 
If X 0 and t > 0, then 

(Hx,y) = 0 <=> (N(tx),y) = 0. 

The functionals Rx and If(tx) have the same null space. Hence 
R(tx) is a nonzero scalar multiple of Nx* Call this multiple 
f(t,x). Then 

R(tx) = f(t,x) Rx holds for all t G R"^ and x G X. 

further let (Rx,x) > 0 for all x 0. let t > o, x 0» Then 
tx 0 and 

0 < (R(tx),tx) = t f(t,x) (Rx,x) 

which implies 


f(t,x) > 0 
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H be a Hilbert space. Define 

H : H -* H*(= H) as follows : 

N(x) = j |x| j X. 

X is N-ortbogonal to y <==> x is orbhogonal to y in tbe Hilbert 
space and 

(lTx,y) = Ijxl i (x,y) 

where (x,y) is the inner-product of x and y. 

The 3J-orthogonality is symmetric but the mapping H is 
not symmetric. 

Examp le 5.1.3. let H : -*■ given by 

HCXfiXg) = (x| , 2|). 

It can easily be seen that H-orthogcaiality is left homogeneous 
but not left additive. 

Example 5.1.4 . Define H s R^ - by 

K(xi,X 2) = (jxj, Xg). 

The H— oirthogonality is positive left homogeneous but not left 
homogeneous. 

5.2 Existence of Orthogonal Elements 

It is clear that if y^ -* y and x y^, then x y. 
It would be nice if we also have s 

- X and y => X y. 
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Por that we need a continuity condition on II. A function 

: X - X* 

will he called temicont inuous if for x,y and z in X, 

(lT(x+ty),z) -♦ (Hx, z) as t - 0. 

We shall obtain a fevy results on the existence of 
certain pairs of orthogonal elements in each two-dimensional 
subspace of X. 

Theorem 5.2.1. Let N : X -* X* be a hemi^continuous 
mapping and let (lTx,x) > 0 for x ^ 0. Let the K-orthogonality 
be positive left homogeneous and let x,y be linearly indepeaident 
elements of X, Then there exist numbers b and c such that 

X Ijj “bx + y and cx + y ijj x. 

Proof. For the first part take bs 
second part we have to show that there exists a number c such 
that 

(IT(cx+y), x) = 0. 

If (Hy,x) = 0, take c = 0* If (Ny,x) < 0, define 

P(X) = (N(Xx+y),x), X> 0, so that 

p(0) = (Ny,x) < 0,and as H(tx) = f(t,x) Hx 
where f is the function occurring in Thetxrem 5.1.1 , 
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therefore 

PCt) = f(t, X + ^) (llx + ^ , x). 

Since (ilx,x) > 0 for x 5^ 0, we have 
f(t,x + |) > 0. 

Suppose ^'(t) < 0 for all t > o« By hemi- continuity of H 

(ll(x + ^),x) - (Nx,x) < 0 as t 
which contradicts the hypothesis. Hence 

>0 for some t > o. 

By continuity of S' on R, there exists c > 0 such that 
F(c) = 0. Then cx + y Ij^j- x. 

•On the ntherhand if (IIy,x) > 0, we get 
G(t) = (N(y-tx),x) for t > 0 . 

We then have G(o) > 0 and Gr(t) = f(t,-x + ^)(K(-x + x). 

Suppose Gr(t) ^0 for all t. Then we have 
(H (-X + |), x) > 0 . 

Taking the limit as t ■♦ «>, we get 

(IT-x, x) > 0. 

But (lT-x,x) < 0 , because (ll(-x), -x) > 0 * Tlais Gr(t) < 0 
for some t > 0. By continuity of G we have G(d) tr 0 for some 
d. Set 0 = -d and then 

a+ y 1^ I 

which completes the proof. 
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A condition of tlae type (Nx,x) > 0 is needed for the 
existence of IT-orthogonal pairs is seen from the following 
simple example : 

Igample 5 .2.2. , let IT : ^ ^ defined by 

NCXfiXg) = (x|, 2 c|), TaTce x= (1,1) and y = (1,2), Then 

(N(cx+y),x) = (o+l)^ + ( 0 + 2)2 ^ ^ c e R. 

lat IT s X -*■ X*» The mapping IT is called a mcaaotcaae 
mapping if 

(Hx-Ry, x-y) > o for all x and y e X. 

Theorem 5,2,3 . LetlTsl-l^bea hemi^cont inuous 
and monotone mapping and suppose that the N— orthogonality is 
S3mimetric, let x and y be nonzero elements of Z such that 
^ llT y* a be a positi-re number. Then there exists a 

number b > 0 such that 

ax - by x+bay. 

Proof, let t be a posit I've number. Then x+tay ^ o 
aad (N(^), x + tay) 0, Therefore by Theorem 5,2.1, there 
exists s G R such that 

(lT(x 4 -ty+s ^), (x+tay)) = 0 

(lT(a3&-dy), x+tay) = 0, 
where d = -(at+s) , 

Thus for each t > 0 there is a d G R such that 


(H(ax-dy), x + tay) = 0* 
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We then have 

i = (H(x+tay), az) / (K(x+tay),y) 

= Way + |),ax) /(ll(ay + |),y>. 

Therefore as t - o, d - « and 
as t -♦ oo , -* 

Henoe a(t) = t for some t > o. Ihus there exists a number b 
such that 

(IJ(ax-'by), X + hay) = 0* 

In particular v/hen a z= 1, we have the result that for 
some h G R 

X - hy Ijj X + by. 

5j3 Representation of Orthogonally Additive Itincticnals 

In this section we consider the problem of representing 
orthogonally additive functionsl on X. We shall again assume 
that R is hemi^continuous and (N(x),x) > o for x 0 and R(o) = 0- 

Theorem 5»5«1« let R j X *♦ X* be a hernia continuous 
mapping with the property (Rx,x) > o f or x 0, and let the 
' R— orthogcaiality be homogeneous and nonsyrametr ic, let f he a conti- 
nuous R-orthogonally additive functional on X. Then f is linear. 

Proof, let X and y be two elements of X such that 
y and y x. Choose a e R such that y ay+x. Then 
for all t and s in R 

(t+s) y + |S _ sy + (|) (ay + x) 
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and 

"bx 

^((s+t)y) = f(sy) + f(ty) + f(^) 

dr 

and therefore 


f((s+t)y) _ f(sy) + f(ty) for all t and s. 

The contanuity of f implies that f is homogeneous in 
the direction of y. Choose a 5^ o such that 

+ y Ih ^ Theorem 5 . 2 , 1 ). 

Since x ax+y, proceeding as above we prove homogeneity of 
f in the direction of x. 

low let + t^y and Zg = SgX + tgy be in the 

span of X and y. Then we have 


fCz^+Zg) = f((s3^4.S2)x) + f((t^+t2)y) 

= f(s3^x) + fCsgx) + f(t^y) + fCtgy) 

= f(s^x + t^y) + f(s2X + tgy) 

= f(z^) + f(Zg) 


and f(tz^) = f(ts^x+tt^y) = f(ts^x) + f(tt^y) 

= t(f(s^x) + f(%y)) = t f(z^). 

Now let z be a vector v^hich is not in the span of x and 
y. We can assume that x J_jj z and y J_jj z, otherwise we choose 
numbers s and t such that x Ljj sx + ty+z and y sx+ty+z 


^ = =(ig# 


and t = 


-|3(Ny,z) + s(Ky,x);] 


] 


(sy»y) 
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and work With sx + ty + z for a to the foUowtog. 

If z Ijj X or z y, then as before vre have f is homogeneous 

in the direction of z. If z I ^ ov.,? I . , . 

J-jj- ana z Xjj y, m addition to 

X ijj z and y z, then there is a number b such that 

(ir(by+z),x) ^ 0. If not, then 

(N(y + -g-), x) = 0 for all b > o. laking the limit 
as b -+ «> we obtain 

(Ny,x) = 0, 
which is false. Set 

c = - (ll(by+z),z) / (N(by+z), x). Then 
loy + z 1.JJ cx + z and therefore 

f((iH*s)z) + f(sby+tcx) = f(sby + sz+tcx+tz) 

= f(sby + sz) + f(tcx+tz) 

= f(sby) + f(sz) + f(tcx)+f(tz). 

Hence once more 

f((s+t)z) = f(sz) + f(tz), 

Ocmbining the above results we have 

f(ax+by+cz) = a f(x) + b f(y) + c f(z) for all 

a, b and c in H and all z 6 X. 

Thus f is linear on the span of x,y and z. If there is an 
element w in X which is. not in the span of x,y and z, then 
proceeding as above, we can prove that f is linear in the span 
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of x,y,z andw • Therefore f is linear on the span of z and. w 
for arbitrary linearly mdependeirt wctors 2 and i. . Hence f 
is linear, 

£heori m _^ 3.2 ^ let H : X ^ X» be a hemicont innoue 
monotone mapping, let ll-ortbogonallty be symnetrlo. Then an 
odd oantinuous functional Is IT- orthogonally addltlye If and 
onl 3 ^ if it is linear. 

Proof. It is easy to verify the * if ‘ part. let f he 
an N— orthogonally add.it ive functional, We first prove that 
f is homogeneous, let y 0 he such that 

(isrx,y) = 0 . 

and choose h by Theorem 5.2.3 such that 

X - hy ijj X + hy. 

Then 

f(2x) = f(x-hy+x+hy) = f(x-hy) + f(x+hy) 

= f(x) - f(hy) + f(hy) + f(x) = 2f(x). 

Assume that for m < n, 
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Hence 

r({n+l)s:) - (n-1) f(ty) ^ ^ 

that is 

f((n+l)x) = (n+1) f(x). 

Therefore by induction, for all n and all x, we have 
f(nx) = nf(x); 
and then we can prove that 

^(x/n) = — f(x) for all natural numbers n« 

The function f is odd and continuous* Hence 

f(tx) = t f(x) for all t. 

How we show that 

^(x+y) = f(x) + f(y) for all x and y in X, 

When (Hx,y) = 0, we have nothing to prove* Let (Hx,y) ^0* 
Suppose X ijj ax + y. Then 

f(x+y) = f(x+(ax+y) - ax) = f((l-a)x + (ax+y)) 

= ^((^^)3c) + f(ax+y) = (3— a) f(x) 4- f(ax+y) 

= f(x) + f(-ax) + f(ax+y) 

= f(x) + f(y)* 

Thus f is linear. 

Remark 5*5,4. It can easily be seen that under the 


hypothesis of the Theorem 5.3,3, I is an orthc^onality vector 
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space to the sense cf Sudden and Strawther £ isj and therefore 
the Iheorem 5.3.3 also follows from (lemma 2 . 1 , ClS^]). 

In earlier papers (Sundaresan |I43 3, Sundaresan and 

Kapoor 1 : 443 , Sudder and Stravrther CIS])!! has been proved 
that 

( 1 ) In aji inner-product space an even continuous orthogonally 
additive functional f must be of the form 

f(x) = cj |xj for some c 6 K, 

(ii) In locally convex space X an even continuous l-ort hogonally 
additive functional f must be of the form 

f(x) = c(lx,x) 

where the T-or t hog anal ity arises from a linear transformation 
1 of E into and is S3niimetric» 

Clearly such a result can be osirried over to the 
present situation only if the form 

iCx) = (lTx,x) is itself H-orthc^onally additive 

i.e, if 

(*) (3^(x+y), x+y) = (Hx,x) + (Ny,y) whenever (Hx,y) = 0. 

¥e shall say that H-orthogonality satisfies Pythagoras 
property whenever H satisfies (*), 

The following Question tten arises naturally s 
Poes there exist a nonlinear monotone mapping N s X -• I* for 
which the ir-orthQganality is symmetric and satisfies the 
Pythagorus property? 
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To answer this q.uesticai v/e bring in the concept of 
semi- inner-product spaces Introduced by Lumer [[32], and 
continuous semi-inner-product spaces by Giles [[ 14^ • 

These have been defined in Chapter I of this Thesis. 

Theorem 5.5.5, If X is a locally convex space and X* 
is the dual of X and H i X -♦ X^ is a mapping satisfying the 
following properties : 

( i) (Nx,x) > 0 and (lJx,x) = 0 <==> x = 0, 

(ii) il is hemi-continuous, 

(iii) N-orthogonality satisfies the Pythagorus property, 

( iv) H(tx) = t H(x) for x e X and t e R, 

then X is an inner-product space in the sense that the H- 
orthogonality is an inner product orthogonality, and IT is a 
linear transformation. 

Proof. Define [lx,y3 = (Rx,y). It is easily verified 
that [3x,y3] is a semi-inner product on I; that it is a 
continuous semi-inner product having the hctaogeneity property 
follows from conditions (ii) and (iv) respectively. 3n fact 

I C^.y3 l^< Cy.yl 

can be seen as follows t 

If (Nx,y) = 0, we have nothing to prove. If 

■(ITx,y) ^ 0» choose b' such that x bx + y* 
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She Pythagoras property yields 

(lTy»y) = (lT(hx+y-bx), bx+y~bx) 

= (lT(T3s+y), bx+y) + (ll(-.bx, -bx)) 

= b (ITxjx) + (N(bx+y), bx+y) 

> b® (H3 :,x) = (ll2,y)V(lIx,x) 

be cause 

^ = -(nx,y)/(Hx,x). Therefore 

(Ny,y) (3!Tx,x) > (lTx,y)2, i.e. 

I Cl^»y3 < Cx,x3 

By Theorem 1,1.16, the H-orthogonality is the Birkhoff- 
James orthogonality in the norm 

= (Hx,x)^/^ 

on X. 

By (iii) Birfehoff-James orthogonality implies Pythagorean 
orthogonality. But then by Theorem 2,1,4, the norm (Nx,x)^/^ 
must be an inner-product norm and l-orthogonality is an inner- 
product orthogonality. It also follows that IT is linear. 

That completes the proof, 

Pinally we have 

Theorem 5,5,6, If If r X ”• X* satisfies the condition 
of Theorem 5,3,5 and if P is If-orthog anally additive functional 
on X, then there exists a linear functional f e X* and a 
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number c such that 

i’(x) = f(x) + c(llx,x) for all X e X. 

Proof. By Olheorem 5.3.5. N is linear and the rest 
follows from Sundaresan and Kapoor(i:443, theorem 5). 

She following example shows that (lTx,x) > 0 for 
X 5 ^ 0 is essential in the above results. 

gj^. £le__5»3.7. Define IT : 

IfCxj^jXg) = ((X3+X2)^,(x^+Xg)^), 
^ y = (yi»y 2 )> then 

lT(x,x) = (x^+Xg)^ 

and 

(llx,y) = (y^+yg) s(y,x) = (ij^,.Xg)(yj+yg)3 

Clearly U— orthogonality is symmetric for 

(Nx,y) = 0 <==> y^+yg = 0 or (x^+Xg) = o <==> (Ny,x) = o 
let X J_jj y, then we have 

(N(x+y),x+y) = (x^+xg+y^+yg)^ 

= (x^+xg)^ = (llx,x) + (Ny,y) if y^+y^ = 0 

= (yi+y 2 )^ = (l^Xjx) + (Ny,y) if x^+Xg = o, 

Therefore N-orthogonality satisfies the Pythagorus 
property. But the functional P s -* 


R defined by 
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IPCz) = (x^ + Xg)^ 

is even N-orthogonally additive yet is not o£ the form 
c(l'rx,x) and the functional 

g : - R 

g(x) = (Xj^+Xg)^ 

is odd R-orthogonally additive functional, yet it is not 
linear# 
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